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ABSTRACT 

The  principal  object  of  study  here  is  the  behaviour# 
as  v  of  the  integral 

roo 

f(t)  w(v,t-x)  dt  # 

*^a 

where  -°°  <  a  <  x  <  °°#  and  for  each  v  >  0#  w(v#t)  is  a 
suitably  normalized  solution#  vanishing  at  °°  #  of  the  differ¬ 
ential  equation 

(2)  d2w/dt2  =  [ v 2 1  +  q(t)]w. 

We  assume  that  q(t)  is  continuous  for  a  -  x  <  t  <  °°  #  and 

°° 

that  /  jt  ^//2  q  ( t )  j  dt  exists0 
oa-x 

The  following  is  a  simplified  form  of  one  of  the  main 
results  o  Let  f(t)  be  defined  on  a  <  t  <  »,  where  -°°  <  a  <  0# 
and  suppose  that  (i)  f  e  L(a#°°)#  (ii)  f(0  +  )  exists#  and  (iii) 
f  e  BV [a  #  0 ]  ;  then 

00 

(3)  lim  f  f(t)  w ( v  #  t )  dt  =  |f(0-)  +  ^f(0  +  ). 

v->°°  J  a 

We  consider  applications  of  (3)  to  integrals  involving 

some  well-known  special  functions  which  satisfy#  on  making 

appropriate  changes  of  variable#  differential  equations  of 

type  (2)  .  The  special  case  q(t)  =  0  corresponds  to  w(v#t)  = 
2/3  2/3 

v  '  Ai ( v  /  t)  #  with  the  usual  notation  for  the  Airy  function „ 
We  show  that  if  w(v,t)  is  given  by  this  expression 
involving  the  Airy  Function,  hypothesis  (iii)  in  the  above 
theorem  cannot  be  weakened  to  :  (iii1)  f(O-)  exists.  This 
therefore  raises  the  question  of  the  summability  analogue 
of  (3)  .  It  turns  out  that  the  result  corresponding  to  (3) 
holds  under  hypotheses  (i) ,  (ii) ,  and  (iii'),  provided 


(iv) 


w(v,t)  in  (3)  is  replaced  by  its  Ces^ro  (C,k)  mean,  k  >  1/2, 
and  provided  the  integrals  involved  in  the  (C,k)  process 
exist.  This  result  is  not  valid  for  k  =  1/2,  at  least  in 
the  case  w(v,t)  =  Ai(v^^^t). 

We  show  that  when  f  belongs  to  a  suitable  class  of 
functions  and  p  >0,  the  Gibbs  phenomenon  is  exhibited  at 
the  point  x  =  0  by 


I, 


f(t)  vp Ai [vp ( t-x) ]  dt . 


We  consider  some  aspects  of  the  Gibbs  phenomenon  as 
by  this  expression,  in  the  case  of  (C,k)  summability, 


exhibited 
k  >  0. 
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INTRODUCTION 


The  name  "singular  integral"  has  been  traditionally 
applied  to  integrals  of  the  form: 

fb 


a  f(t)$^(t,x)  dt,  a<x<b. 


(0.1) 

where  the  problem  of  interest  is  the  existence  of 


(CL  2) 


lim  I  f(t)$  (t,x)  dt 

V-*00  J  V 


and  its  relation  to  f(x),  under  various  assumptions  on  f  and  <K 
The  function  of  $  (t,x)  has  generally  been  called  the  "kernel" 
of  the  singular  integral.  The  sense  in  which  we  will  use  these 
terms  is  given  in  Definition  1.1. 

Integrals  of  the  form  (0.1)  were  first  considered  in 
connection  with  Fourier  series.  Dirichlet  (in  1829)  introduced 


the  expression 


(0.3) 


S  (X)  = 

n  2tt 


/ 


sin [ (n+h)  ( t-x) ] 

TT  - - - - - -  f(t)  dt 


sin  Js(t-x) 

for  the  (2n+l)-st.  partial  sum  of  the  Fourier  Series  of  f(x) 
and  this  so-called  "Dirichlet  singular  integral"  became  the 
basis  for  many  later  investigations.  A  discussion  of  Dirich- 
let's  work  and  of  subsequent  developments  is  given  in  Chapter 
8  of  E.  W.  Hobson's  book  (  [16]  ,  vol .  2)  c 


(0.4) 


L.  Fejdr  (  [11] ,  1904)  introduced  the  expression 

(t-x) I2  f(t)  dt, 


a  (x)  =  „ 

n  2m 


1  f  ^fsin^n  ( t-x)  1 
2niT  l  sin^  (t-x)  J 


-  2  - 


where  a  (x)  is  given  by 

(0o5)  a  (x)  =  1  [S  (x)  +S ,  (x)  + .  .  .  +S  (x)  ]  . 

n+1  01  n 

Fej^t  proved  that  a  (x)  converges  to  f(x)  at  all  points  of 
continuity  and  to  ^f(xt)  +  %£(x-)  at  points  of  simple  discon¬ 
tinuity  of  any  Riemann  integrate  f unction  f.  Later,  H0 
Lebesgue  showed  that  an(x)  converges  to  f(x)  almost  everywhere 

on  [->tt,tt].  In  1876  ,  du  Bois  Reymond  had  shown  that  S.  (x)  need 

n 

not  converge  to  f(x)  at  ali:  points  of  continuity.  Thus  it 
appears  that  the  Fejdr  kernel  in  (10.4)  is  much  more  effective 
than  the  Dirichlet  kernel  in  securing  the  convergence  of  the 
corresponding  singular  integral. 

Singular  integrals  also  arose  in  connection  with  some 
of  the  proofs  of  the  Weierstrass  approximation  theorem.  First 
proved  by  Weierstrass  in  1885,  the  theorem  may  be  stated  as 
follows : 

If  f(x)  is  continuous  in  [0,1],  there  exists  a  sequence 
of  polynomials  (Pn(x)}  converging  uniformly  to  f(x)  in  [0,1]. 

Subsequent  proofs,  using  a  variety  of  methods,  were 
given  by  H.  Lebesgue  (1908) }  E.  Landau  (1908) ,  C.  J.  de  La 
Vallee  Poussin  (1908)  and  S.  Bernstein  (1912). 

Landau's  proof  [17]  uses  the  singular  integral 

(0.6)  L  (x)  =V”f[l-,t-x,V  f(t)  dt. 

n  ^0 

Since  Ln(x)  is  a  polynomial  in  x  for  each  n,  Landau  was  able 


..  >•  L ):•  U’l 


■ 


:  iew 
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to  prove  the  theorem  by  showing  that  (x)  -*  f(x)  uniformly 


in  x,  0$xsl,  as  n 

La  Valine  Poussin  [18]  proves  a  trigonometrical  equivalent 
of  the  Weierstrass  theorem  by  showing  that 


f  ( t)  dt 


approaches  f  (x)  ,  uniformly  in  x,  as  n  ooQ 

Singular  Integrals  also  arise  naturally  in  convergence 
problems  of  general  orthogonal  series*  An  account  of  some 
results  appropriate  to  these  applications  is  contained  in 
Chapter  4  of  G*  AlexitS*  book  [2].  A  description  of  how 
singular  integrals  arise  in  some  of  these  cases  and  also  in  the 
case  of  Fourier  series  is  given  in  a  1949  article  by  Fejdr  [12] . 
All  of  the  results  described  above  refer  to  special 

kernels  of  the  form  $  (t-x)  and  are  concerned  with  conditions 

v 

on  f  which  will  validate  a  relation  of  the  type: 

rb 

(0.8)  lim  /  f(t)  $^(t-x)dt  =  f(x)D 

v->°°^a 

Adopting  a  slightly  different  point  of  view,  H.  Lebesgue  in 
1909  gave  a  systematic  theory  [19]  in  which  necessary  and 
sufficient  conditions  on  $  were  found  which  would  imply  a 
result  such  as  (0„8)  for  all  functions  f  belonging  to  a 
particular  class,  esg0  the  class  of  continuous  or  of  summable 
functions  or  of  functions  of  bounded  variation  on  an  interval 
[a,b] o  Lebesgue  showed,  inter  alia ,  that  in  order  for  (0o8) 


' 


4 


to  hold  for  all  f  continuous  at  a  point  x,  it  is  necessary 
that 


where  K  is  independent  of  v°  This  serves  to  clarify  one 
distinction  between  the  Fej£r  and  Dirichlet  kernels  since  the 
condition  (0*8)  is  satisfied  for  the  former  but  not  for  the 
latter . 


Subsequent  work  on  general  singular  integrals  in  the 
one-dimensional  case  consists  largely  of  improvements  and 
modifications  of  Lebesgue's  results*  E.  W*  Hobson  ([16], 
vol.  2,  ch.  7)  finds  necessary  and  sufficient  conditions  for 


the  convergence  of  f(t)  $  (t,x)  dt  where  $  (t,x)  need  not 

-'a 

have  the  special  form  $^(t-x) .  He  pays  special  attention  to 
the  uniformity  in  x  of  the  convergence*  During  the  1930 fs, 

P.  Romanovski  [28],  D.  K*  Faddeyev  [10],  and  I.  P,  Natanson 
contributed  to  the  study  (initiated  by  Lebesgue  [19])  of  the 
convergence  of  singular  integrals  at  points  where  f  satifies; 


(0.10) 

or 


—  i  r 1 1 

lim  h  /  [ f ( t )  -  f(x)]  dt  =  0 

h-K)  JO 


(Ooll) 


,  rh 

lim  h  /  |  f(t)  -  f(x)|  dt  =  0, 

0  Jo 


Such  a  study  is  important  in  that  a  summable  function  satisfies 
these  conditions  almost  everywhere*  An  account  of  these 


' 


isLti  ixO  x>/i: 


.  :•  •  * 


■’ 


. 
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results  is  given  in  Natanson's  book  ([24],  Chapter  10) 0 

In  recent  years  a  number  of  authors,  including  A„  Pc 
Calder6n  and  A.  Zygmund  have  used  the  designation  "singular 
integrals"  for  certain  generalizations  in  n-dimensional  space 
of  the  classical  Hilbert  transform: 


(0.12) 


f  (x) 


lim 
e  -*o 


I  t-x| 


f  (t) 
x-t 


5  £ 


dt 


Calderdn  gives  an  account  of  this  theory  in  a  recent  survey 
article  [3].  We  shall  not  use  the  term  "singular  integral"  in 
the  sense  of  these  authors 0 

The  topics  discussed  in  the  present  study  arose  from  some 
results  of  L0  Lorch  and  P.  Szego  ([20]  and  [21]) 0  One  of  their 
results  was  the  following  (in  which  denotes  the  Bessel 
function  of  the  first  kind) : 

Theorem  0.1  (  [20],  Theorem  1)  0  Let  f(t)  be  defined  on  [0  ,A]  , 

1<A<°°  and  suppose  that: 

(i)  t^  f(t)e  L[Q,A]  for  some  real  A;  (ii) 
f(l-)  exists,;  (iii)  fe  BV  [1,A]»  Then 

rA 

(0.13)  lim  /  f(t)VJ  (vt)  dt  =11/3  f(l-)  +2/3f(l+). 

V->00  j  0  u 

Lorch  and  Szego  remark  that  this  result  is  unusual  in  that 
f(l-)  and  f(l+)  enter  with  unequal  weights  and  that  stronger 
hypotheses  are  required  for  f  to  the  right  of  t=l  than  to  the 
left,  these  peculiarities  being  due  to  the  change  in  behaviour 


■  J 


-  6 


of  (vt)  from  nonoscillatory  to  oscillatory  at  the  point 
t=l;  the  kernel  behaves  somewhat  like  the  Fejer  kernel  for 
t<l  and  like  the  Dirichlet  kernel  for  t>  1 . 

Now  this  change  in  behaviour  is  shared  by  many  well- 
known  special  functions  which  satisfy  second  order  linear 
differential  equations 0  From  the  point  of  view  of  differ¬ 
ential  equations,  one  of  the  simplest  such  functions  is  the 
Airy  function  Ai(t)  which  is  oscillatory  for  t<0,  positive  and 
monotonically  decreasing  for  t* 0  and  satisfies: 

(0  c  14)  Ai"  (t)  =  t  Ai  (t)  o 


In  Chapter  2  we  establish  some  results  analogous  to  Theorem 
0.1  for  the  integral 


(0.15) 


f  (t)  v  Ai(v  t)  dt,  -°°<  a  <  0. 


It  is  known  that,  under  certain  conditions  on  q(t), 
the  differential  equation 


( 0  o 16 ) 


d2w  =  [v2t  +  q(t)]w 
dt2 


possesses  a  solution  w(v,t)  which,  for  large  v,  is  approxi¬ 
mately  v2/3Ai(v2/3t),so  it  seems  reasonable  that  the  integral 


(0.17) 


f(t)  w(v,t)  dt,  -°°  <  a  <  0, 


J  a 

may  share  some  of  the  properties  of  (0.15)  .  Chapter  3  of 
the  present  work  is  devoted  to  proving  a  precise  form  of 


K 


-7- 


this  statement. 

Many  of  the  important  special  functions  of  analysis 
satisfy  (on  making  suitable  changes  of  variable)  differential 
equations  of  type  (0.16)  .  In  Chapter  4,  we  use  the  results 
of  Chapter  3  to  rederive  Theorem  0.1  of  Lorch  and  Szego  and 
to  get  Theorems  similar  to  Theorem  0.1  for  singular  integrals 
involving  the  Whittaker  function  W^.  ^(x),  the  parabolic 
cylinder  function  D  (x)  ,  and  various  specializations  of  these. 

Lorch  and  Szego  show  that  the  hypothesis  "f  e  BV[1,A]" 
of  Theorem  0.1  may  not  be  replaced  by  "f(l+)  exists"  in 
the  case  of  ordinary  convergence  in  (0.13)  or  even  in  the  case 
when  the  limit  relation  in  (0.13)  is  interpreted  in  the  sense 
of  Cesaro  (C,k)  summability,  0  <  k  <  1/2;  they  show,  however, 
that  this  replacement  may  be  made  in  the  case  of  (C,k) 
summability,  k  >  1/2.  They  also  discuss  certain  aspects  of 
the  Gibbs  phenomenon  as  exhibited  by  the  singular  integral  in 
(0.13) .  Chapters  5  and  6  of  the  present  work  are  devoted  to  a 
study  of  questions  regarding  Cesaro  summability  and  the  Gibbs 
phenomenon  in  the  case  of  the  singular  integral 


w  ( v  ,  t) 


dt , 


-°°  <  a  <  0 , 


in  special  cases  where  w(v,t)  involves  the  Airy  function  Ai(t). 
The  results  obtained  are  very  similar  to  those  of  Lorch  and 
Szego  and  they  go  further  in  some  directions  than  the  corres¬ 
ponding  results  of  these  authors.  The  definitions  of  Cesaro 
summability  and  of  the  Gibbs  phenomenon  appropriate  to 


' 
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the  present  situation  are  given  in  the  introductions  to 
Chapters  5  and  6 . 

Notation 

All  of  the  quantities  discussed  throughout  this  thesis 
are  assumed  to  be  real.  We  shall  use  the  notations  [a,b] , 
[a,b)  and  (a,b)  to  denote  the  intervals  a^x^b,  a^x<b 
and  a  <  x  <  b,  respectively.  We  say  that  f  e  L(a,b)  if 


f  (t)  dt  exists  in  the  Lebesgue  sense  and  has  a  finite  value. 


a 


All  of  the  functions  which  we  consider  are  assumed  to  be 


measurable . 


' 
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CHAPTER  I 

GENERAL  THEOREMS  ON  SINGULAR  INTEGRALS 


We  now  state  four  theorems  (due  principally  to  Lebesgue) 
on  the  convergence  of  singular  integrals.  Some  of  these  results 
will  be  used  in  later  chapters. 


Theorem 
[a,b]  ,  -  °°  < 
set  E  of  real 


1  Let  yt,x)  be  a  measurable  function  of 

a  <•  b  <  °° ,  for  each  real  v^v  and  for  each  x 

o 

numbers.  Let 


t 

in 


on 

a 


(1.1)  j 

T  ( t , x>  |  <  K  for  all  v 

V  1  ^ 

re 

(1.2) 

lim  /  iv(t,x)dt  =  0 

v  *°o-'a 

subinterval 

[a , 6]  of  [a,b] ; 

(1.3) 

f  e  L  [a,b] . 

t,  and  x  considered; 
uniformly  in  x,  xeEf  for  each 


Then 

(1.4) 


rb 

lim  /  f ( t ) I  (t ,x) dt 

V-*oo  ja 


0,  uniformly  in  x,  x  e  E. 


The  result  (1.4)  holds  in  case  b  =  °° ,  provided  (1.3)  holds 
for  each  b,  a  <  b  <  <*> , 


fb 

lim  /  f (t)  dt 

b-*ooJ  a 

exists  as  a  finite  limit,  ¥^(t,x)  satisfies  the  condition 
(1.1)  on  the  interval  [a,°°)  the  condition  (1.2)  on  each 
finite  subinterval  [a,  6]  of  [a,°°),  and  in  addition: 

(1*5)  Va  (t ,x) ]  <  L( where  L  is  independent  of 

v  and  x. 

Remarks .  The  theorem  is  due  in  essence  to  Lebesgue,  ([19], 


. 


' 


r  I--'.*.’  , 
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p.  52)  though  he  does  not  include  uniformity  in  x,  in  either 
hypotheses  or  conclusion.  The  proof  of  Theorem  1.1  is 
contained  in  Hobson([16],  vol.  2,  pp.  422-430). 

The  terms  "kernel"  and  "singular  integral"  are  not 
defined  in  the  same  way  by  all  authors.  We  follow  closely 
the  terminology  used  by  Romanovski  in  [27]. 

Definition  1.1  Let  $(v,t)  be  defined  as  a  measurable  function 

of  t  on  a  <  t  <  b  (<°°)  for  each  v  >  v  and  let 

~  o 

f  3 

(1.6)  1 im  /  $ ( v , t )  d  t  =  £  , 

v  ->°°  -'a 

for  each  ft  satisfying  a  <  B  <  b ,  and  uniformly  in  B , 

a  +  c  <  B  <  b,  for  each e  >  0,  Then  $(v,t)  will  be  called  a 

kernel  on  the  interval  [a,b] ,  with  singular  point  a,  and 

integral  value  £ .  An  integral  of  the  form 

b 

f ( t)  $ ( v , t-x)  dt 
will  be  called  a  singular  integral . 

Note .  We  will  find  it  convenient  to  use  the  same  expressions 
in  the  case  when  the  singular  point  is  an  interior  point  of 
the  interval  considered  and  the  definitions  are  modified  in 
an  obvious  way. 

We  now  state  some  theorems  on  the  convergence  of 


singular  integrals. 


' 
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Theorem  1 . 2 

(i)  Let  $(v,t)  be  a  kernel  on  [0,  b  +6],  where 
0  <  6  <  b  <  °°  with  singular  point  0  and  integral  value  £. 
Let  $(v,t)  satisfy  also  the  following  conditions: 


( \*  ^ )  i  $  (v,  t)  |  f  K  (  6  i )  ,  6  i  <  t  <  b  +  6 ,  v^v 

o  ' 

for  each  §2  satisfying  0  <  Sj  <  b  +  6; 


(1.8) 


■b+6 


|$(v,  t)  j  dt 


K  for  all  v  >  v  ; 

~  o 


suppose  that  f  is  defined  on  [-6,  b]  and  let: 

(1.9)  f  e  L  [-6 ,  b  ] ; 

(1.10)  f  e  C  [  -  6  ,  6  ]  ; 

d.ll)  lim  f  (6+h)  =  f  (6)  . 

h-^0  + 


Then 


(1.12) 


fb 

lim  /  f(t)  $(v,t-x)  dt  =  l  f ( x ) 

V  lx 


uniformly  in  x,  -  6  <  x  <  6. 


(ii)  If  |  $  (v,t) 
-lO 

as  v  there  exists  a 

rb 

for  which  /  f(t)  $(v,t) 
J0 


dt  is  an  unbounded  function  of  v, 
function  f,  continuous  on  [0,b], 

dt  is  an  unbounded  function  of  v. 


Remarks .  Lebesgue  ([19],  p.  70)  proves  the  result  (i)  apart 
from  the  uniformity  assertion.  Hobson  ([16],  vol.  2,  pp . 
447-448)  proves  a  result  which  implies  (i) .  Note  that  in 
(i)  the  case  6  =  0  is  not  excluded.  (ii)  was  also  proved  by 
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/ 


Lebesgue 0  We  present  the  proof  of  (i)  as  an  example  of  the  way 
in  which  convergence  theorems  for  singular  integrals  are  proven 0 


Proof  of  (i) B  Let  e  >  0  be  given.  By  (1.10)  and  ( 1 0 11) 
there  exists  6X  such  that,  for  each  x  s  [-6,6],  x  <  t  <  x  +6i 
implies  |f(t)  —  f (x) I  <e.  Then 


(1.13) 


$(v,t-x)  dt 


$(i>,  t-x) 


dt 


[f  (t) 


f (x)  ]  $  ( v , t-x)  dt 


r  b 


+  /  [f (t)  ]  $ (v, t-x)  dt  o 

^  x+6  i 

Now  the  first  term  on  the  right  of  (1.13)  approaches  f(x) 
uniformly  in  x,  -6  <  x  <  6,  on  account  of  the  fact  that  0^(t) 
is  a  kernel.  (1.8)  shows  that  the  second  term  is  bounded  by 
eK,  for  all  v  >  vq  and  -  6  <  x  <  6 ;  to  deal  with  the  third 
term  we  use  Theorem  1.1  in  which  we  place 


r 

0 

f 

-  6  +  6 1  <  t  <  x  +  6  \  t 

(lo 

14) 

V  (t,x)  =< 

V 

$ 

(t-x) , 

x+6}  <  t  <  b  , 

L  v 

Now 

clearly , 

on  account  of 

(1.7) , 

|  ¥  (t,x)  |  <  K  (6 1 )  for  all  v,t 

and  x  concerned  and  f(t)  is  integrable  over  [  -  6+6!  ,b]  by 


(1.17).  T ^  ( t , x)  has  the  property  (1.2)  because  3>  (t)  has  the 

kernel  property  (1.6).  Thus  Theorem  1.1  shows  that 


lim 


f  (t) 


V^(t,x)  dt  =  0,  uniformly  in  x,  -6  <  x  <  6. 


Hence : 


•- 
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.  rb 

(lol5)  lim  I  f(t)  $  (t-x)  dt  =  0, 

v->°°  J  x+  5  ^ 

uniformly  in  x,  -6  <  x  <  6. 

Thus  we  see  that  the  left-hand  side  of  (1013)  tends 
to  f(x)  uniformly  in  x  and  so  the  proof  of  (i)  is  complete0 


Remarks  on  (ii) .  Lebesgue  proved  this  result  by  showing  how 
a  function  f  with  the  desired  property  may  be  constructed0 
It  is  now  known  that  the  existence  of  such  a  function  is  a  con¬ 
sequence  of  the  principle  of  uniform  boundedness0  This 
principle,  which  had  its  genesis,  in  part,  in  this  very  result 
of  Lebesgue,  may  be  stated  as  follows: 

If  be  a  sequence  of  bounded  linear  functionals  on 

a  Banach  space  B  and  if  for  each  f&B  the  sequence 
\l $n f  I  >  bounded,  then  the  sequence  of  norms  {||(£>  ||} 
is  bounded,, 


To  apply  this  in  the  present  case  we  consider  the 
Banach  space  C[0,b]  of  continuous  functions  on  [0,b],  with 
the  sup  norm  and  let 


(1.16) 


$(v  ,  t)  dt. 


We  can  show  that  for  each  v  ,5)  is  a  bounded  linear 

*  v 

functional  on  C[0,b]  and 


b 


(1.17) 


$  (v  ,  t)  I  dt 


0 


If  there  exists  no  f  such  that  |(j)  f|  is  unbounded  in  v,  the 
principle  of  uniform  boundedness  shows  that  {f~  ^  |  $  (v  ,  t)  |  dt }  is 

J  n 


J  '  ' 
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a  bounded  function  of  v,  a  contradiction  to  the  hypothesis  of 
(ii) o  Hence  the  conclusion  of  (ii)  holds. 

We  state  two  more  theorems  on  the  convergence  of 
singular  integrals. 


Theorem  1  „  3 «,  (Romanovsky  [27],  Natanson  [24])  0  Let  $(v,t)  be 
a  kernel  on  (  0  ,b)  ,  0  <  b  <  with  singular  point  0  and 

integral  value  £,  and  suppose  that  for  each  v  >  v  ,  $(v,t) 
is  a  positive  non-increasing  function  of  t,  0  <  t  <  b.  Let 


(1*18) 

(1*19) 


f  cL  [ 0,b] , and 

, .  , -i  rh  f (t)  dt  =  c. 

lim  h  / 
h->  0  +  -*0 


Then 


r  b 


(1.20)  lim  /  f(t)  $(v,t)  dt=c£0 

v > 

Remark .  The  conditions  imposed  on  $>(v,t)  are  stronger  than 
the  corresponding  conditions  in  Theorem  1.2  (case  6=0) 0  For 
this  reason, the  condition  (1.19)  on  f  is  weaker  than  the 
corresponding  condition  (1.11) 0  Theorem  1.4  below  goes  in 
the  opposite  direction — stronger  conditions  on  f,  weaker  on  $. 


Theorem  1.4  (Lebesgue  [19] e  p.  70) „  Let  $(v,t)  be  a  kernel 

on  ( 0,b) ,  0  <  b  <  “with  singular  point  0  and  integral  value 

£  and  let: 

/ 


(1.21) 

for  all  v  >  v  , 
o 

(1.22) 


$ ( v ,t) 


dt | <  K, 


and  all  a  , y  satisfying 
f  e  BV  [  0,b]  . 


0  .<  X  y  <  b. 


Let 
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Then 

(1.23)  lim 

v-*-°° 

Note :  The  theorems  of  this  chapter  are  not  always  quoted 
in  the  form  in  which  they  appear  in  the  cited  references. 
In  particular,  many  of  the  authors  quoted  state  the 
theorems  only  for  the  case  when  v  approaches  infinity 
through  integer  values.  It  is  clear,  however,  that  we 
may  take  v  to  be  a  continuous  variable  in  all  the  cases 


§  ( v , t)  dt  =  If ( 0  +  ) 


considered . 


. 

■  ' 


. 
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CHAPTER  II 


A  KERNEL  INVOLVING  AN  AIRY  FUNCTION 


(2.1) 


The  Airy  function  Ai (x)  may  be  defined  by 

-1 


Ai  (x)  =  7i 


CO 

ft3  ] 

cos 

— +  xt 

'0 

1 

e.g.  , 

Watson 

dt ,  -  oo  <  x  <  . 


_  l 


Ai  (x)  =  7T  (x/3)  K-l^/3 


x 


3/2 


,  x  ^  0 , 


(2.2) 


„  .  .  ,  1  2  ,2  3/2.  ,  _  .2  3/2.  . 

Ai  ( — x )  =  ^  x  [  J]_^3  (3-  x  )  +  J_i/3  ( J  x  )  1  ,  x  >.  0  , 


with  the  usual  notation  for  Bessel  functions.  Ai (x) 
satisfies  the  differential  equation: 


(2.3) 


Ai  (x)  =  x  Ai (x)  . 


The  known  asymptotic  formulas  for  Bessel  functions  (see, 
e.g.,  [34],  Chapter  7),  together  with  (2.2),  give: 

(2.4)  Ai  (x)  =  i-TT  ^x  ^  exp(-2/3  x^2)  [1  +  R^  (x)  ]  ,  0  <  x  <  °° , 


and 

(2.5) 

where 


Ai(-x)  =  7T  ^x  ^  [cos  ( 2/3x3^2  -  tt/4)  +  R2<x)],  0  <  x  <  0° , 


-3/2 

R-^(x)  g  R2  (x)  <Cx  ,  0  <  x  <  °° ,  for  some  constant  C. 
Using  (2.2),  together  with  [34],  p.  388/8),  we  get 


(2.6) 


Ai(x)  dx  =  1/3, 


0 


/ 
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while  (2o3)f  in  conjunction  with  [34] ,  p.  391,  (1)  gives 

co 

(2,7)  /  Ai(-x)  dx  -  2/3 o 

■"0 


A  summary  of  results  connected  with  the  Airy 
funct  ion  is  given  in  [1],  §10o4o 

Lorch  and  Szego  ([21],  p.  210)  use  a  result  of  E.  Makai 
[22]*  to  give  a  simple  proof  that  for  x>o,  Ai(-x)  is  an 
oscillating  function  whose  successive  arches  bound  decreasing 
areas.  (The  first  arch  is  from  x  =  0  to  x  =  a ,  the  first 
positive  root  of  Ai  (-x) „  Hence,  by  an  "alternating  series 
argument"  there  exists  a  constant  M  such  that 


(2.8) 


Ai (-x) 


dx  |  <  M,  for  all  t  :>  0  c 


Lemma  2  r 1 

3/2 

Ai(x)  exp (2/3  x  )  is  a  positive  decreasing 
function  of  x  for  x  i  0. 

Proof 

In  view  of  (2.2)  it  will  be  sufficient  to  show  that  if 


F (x)  =  eX  x1/3  ki/3  (x) 

then  F(x)  is  a  positive  decreasing  function  of  x  for  x  >  0o 
We  have 

(2.9)  F#  (x)  =  eK  X1/3  K1/3(x)  _  eX  x1/3  K^2/3  (x)  , 

(  [34]  ,  p.79  (5)  ), 

* 

The  same  conclusion  might  have  been  drawn  from  a 
result  of  P  o  Hartman  and  A.  Wintrier h  Amer.  J,  Math,  vol.  7  0 
(1948),  pp,  529-539?  cf.  also  [15],  pp.  510-513. 


■ 

' 
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x  1/3 
=  e  x 


o 


-x  cosh  t  r  ,  t  ,  ,  2tn 

e  [oosh—  -  Oosh—]  dt/ 


([34]  ,  p0  181,  (5))  , 


<  0,  for  x>0o 


Hence  F(x)  is  decreasing 0  The  integral  representation  for 

K  i/ 3  ( x )  just  quoted  also  shows  that  F(x)  >  0  for  x  >y  0 « 

This  completes  the  proof  of  Lemma  2.10 

3 /2 

Cor o 1 lary  Ai(x)  exp (Ax  )  is  a  positive  decreasing  function 
of  x  (x  >,  0)  for  each  real  A  satisfying  -  °°  <  A<2/3. 


Lemma  2  0  2  (due  to  Natanson,  and  proved  in  [24],  p.16) 
Let  f,g  e  L  [0,n],  0  <  n  <  °°  ,  and  let 


(2.10) 

0  <  g 

(2.11) 

i — i 

i 

Jo 

Then 

f  ( t)  dt  I  ,  0  <  h  $  n  ; 


o 


f(t)  g ( t )  dt  exists^  and 


( 2  o 12 ) 


o 


n  r  n 

f(t)g(t)  dt  |  <  4  g(t)  dt, 

Jo 


We  now  prove  two  theorems  on  singular  integrals  involving  Ai(t)c 

Theorem  2 . 1 

Let  f(t)  be  def  ined  on  [- 6  ,  °°)  ,  where  6  >.  0  f  and  suppose 

that  f  e  L[~«S,b],  for  each  b  satisfying  -  6  <  b  <  00 ,  and 

"k  3 /? 

■C  /  4-  \  ^  r  _  A  /4-±X  \  1  _ •  j a  _a  _  O 0  .JZ n  3 


(2.13) 

lim  1 
b  >°°.y 

(2.14) 

lim 

h-MT+ 

C  x+h 


M* 


[f (t)  -f (x) ]  dt  =  0 , 


6  <  x  <  6 


uniformly  :Ln  x, 


* 


19 


Then 

(2.15)  lira  f  f(t)  v  Ai [ v ( t-x) ]  dt  =  (1/3)  f  (x)  , 

V  ^X 

uniformly  in  x,  -  6  <  x  <  6. 

Remark  1 □  Notice  that  the  case  6=0  is  includedo 

Remark  2 .  It  is  clear  from  (2.6)  that  vAi(vt)  is  a  kernel  on 
[0,°°)  with  singular  point  0  and  integral  value  1/3,  and  from 
Lemma  2d  that  vAi(ut)  is  a  positive  decreasing  function  of  t 
on  [0,°°)  for  each  v  >  0o  Thus  vAi(vt)  satisfies  the  conditions  of 
Theorem  1.3  above  on  every  finite  interval  It  is  difficult, 
however, to  apply  Theorem  1.3  directly  here  because  of  the 
infinitude  of  the  interval,  the  fact  that  f(t)  need  not  be 
integrable  but  merely  satisfies  (2,13),  and  the  uniformity 
assertion c  We  prove  Theorem  201,  however,  in  almost  the  same 
way  that  Natanson  ([24],  pp0  18-20)  proves  Romanovski9s 
Theorems  Natanson' s  Lemma  201  plays  a  major  role  in  the  proof 0 

Proof  of  Theorem  2  , 1 

Let  £  >  0  be  given,.  There  exists  an  n  >  0  such  that 
x  <  t  ^  x  +  n  implies 

,  -i  rx+h 

|  h  /  [£  (t)  -  f  (x)  ]  dt  |  <  e  , 

-'X 

and  this  holds  for  all  x  in  [-6,6],  by  (2,14) „  Nowf 
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(2.16) 


x 


f(t)  v  Ai[v(t-x)]  dt 

rx+n 

=  f  (x)  J  v  Ai[v(t-x) ]  dt 
x 

r  x+  ri 

+  [f(t)  -  f(x)]  v  Ai[v(t-x)]  dt 

Jx 


+  /  f(t)  v  Ai[v(t-x)]  dt 

h  x+n 


It  is  clear  from  (206)  that  the  first  term  on  the  right  of 
(2.16)  approaches  (l/3)f  (x)  ,  uniformly  in  x,  -  5  <x<  6,  as 
v  °°a  Since  Ai  [v  (t-x)]  is  a  positive  decreasing  function  of  t 
onx<t<x+n,  we  may  apply  Lemma  2C2  to  get: 

rx+n 


x 


[f(t)  -  f(x)]  V  Ai  fo(t-x)  ]  dt 

r  x+n 


<  € 


v  Ai [ v ( t-x) ]  dt 


X 


<  6/3,  for  all  v  >  0  and  all  x  e  [-6,6]  „ 

We  now  use  Theorem  Id  to  show  that  the  third  term  on 
the  right  of  (2016)  tends  to  zero  uniformly  in  x0  We  define: 

/ 

0  ,  ~ 6  <  t<x+n, 

(2.17)  ^v(t^)=( 

vAi[v(t-x)]  exp  [ A  ( t+6)3//2 ]  ,  x  +  n  <  t  < 
for  each  x,  -6  <  x  <  6,  and  each  v  >  0, 
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3/2 

Now,  by  Lemma  2.1,  we  see  that  for  \T /  >  3  A  r 

3 /2 

Ai  [v(t-x)  ]  exp [2A (t-x)  ]  is  a  decreasing  function  of  t, 

x  +  n  £  t  <  °°,and  so 

vAi[v(t-x)]  expl  2  A  ( t-x)  322  ] 

><  vAi(vn)  exp  (2X  n3//2) 

^  ^  Jo  v  Ai^vt^  dt^  exp  (2  A  n3//2)  , 

since  Ai  ( vf)  decreases  for  t  >  0.  Thus  we  get,  on  using  (2.6)  ? 

(2.18)  vAi[v(t-x)]  exp  [2A  (t-x)  3//2]  <  ™  exp  ( 2  A  n3//2 )  , 

o  n 

for  x+n  <  t  <  ®.It  is  clear  that  if  the  A  in  condition  (2.13) 
is  ^  0  its  replacement  by  a  positive  number  only  weakens  that 
condition  and  thus  involves  no  loss  of  generality.  We  suppose 
then  that  A  >  0.  A  simple  calculation  then  shows  that 

A  ( t+6) 3/2  -  2A (t-x) 3/2 

is  increasing  f or  x <  t<  ( 6 f 4x) / 3  and  decreasing  for  t  >  (6+4x)/3. 
Thus  we  get,  for  t  >,  x 

(2.19)  exp  [A  (t+6)  322  -  2A(t-x)3//2]  ,<  exp  [  6  A  (~— )  3//2  ]  . 
The  Irequalities  (2018)  and  (2.19)  taken  together  show  that 

(2.20)  |  V  (t,x)  |  <  K  for  -  6^t<°°,  ~6£x^6, 

3/2 

and  v  >  3A ,  where  K  is  independent  of  v,  x  and  t. 

Thus  we  see  that  condition  (1.1)  is  satisfied  in  this  case, 
To  see  that  (1.2)  holds  for  every  finite  interval  [-6,c], 
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we  proceed  as  follows? 


0 


[  ¥  (t,x)  dt J 
J-5 


-  x  <  n 


exp  [X  (t+6)  3/72  ]  vAi 


t-x) ]  dt ,  c  -  x  >  n 


x+n 


Thus  s 


^ v  (t  jX)  dt  j  N<  exp  [A  (c+5)  3/2] 


■  V  (c-x) 


Ai(t)  dt. 


v  n 


and  this  last  expression  tends  to  zero  uniformly  in  x,  as 
v  -*■  Thus  condition  (1.2)  holds  in  this  caseQ 


It  remains  to  show  that? 


oo 

(2.21)  V__6  (t,x)  ]  <  L( 

where  L  is  independent  of  v  and  xQ  Of  course,  it  will  be 
sufficient  to  prove  this  for  all  sufficiently  large  v Q  (2021) 
follows  easily  from  (2018)  and  (2.19)  since  the  left-hand-sides 

of  these  inequalities  when  multiplied  together  give  I  (tfx) ,  the 

v 

left- hand -s ide  of  (2018)  is  (for  large  enough  v)  a  monotonic 

function  of  t,  and  the  left-hand-side  of  (2.19)  has  at  most  one 

turning  point.  On  noting  that  (by  (2013) ) s 
-  3 /2 

1 j m  f (t) exp  [“X (t+6)  ]  dt  exists  and  is  finite 

b-*-00 

and  that  V  (t,x).  as  defined  by  (2,17)  satisfies  the  conditions 

v 

of  Theorem  1D1  over  the  interval  (-6,°°)rwe  get  from  Theorem  l.L 


oo 

(2.22)  lim  J  f(t)  v  Ai[v(t-x)]  dt 

v->°°  Jx+n 

* 

for  x+n  <  t  < 


0, 


oo 


' 
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uniformly  in  x,  -6  <  x  <  6.  This  shows  that  the  third  term 
on  the  right  of  (2.16  tends  to  0  uniformly  in  x,  and  so  the 
proof  of  Theorem  2.1  is  complete. 


Theorem  2a20  Let  0  <'  6  <  b  <  °°,let  f  be  defined  on  [-6,b]  and  let 


(2.23) 

f  £ 

BV[-6,b]r 

(2.24) 

f  e 

C[-6,6]  in  case  6  >  0,  and 

lim  f ( 6  +h) 

h->0+ 

Then 

fb 

2 

(2.25) 

lim 

/  f(t)  v  Ai  [-v(t-x)]  dt  = 

|f(x). 

'x 

uniformly  in  x, 

-6  < 

x  <  6  . 

f  (6  ). 


Remarks .  We  are  here  concerned  with  a  range  in  which  the 
kernel  is  oscillatory  in  contrast  to  Theorem  2.1  where  it  was 
monotonic.  Again,  the  case  <5  =  0  is  not  excluded.  The  theorem 
is  of  a  type  to  which  Lebesgue's  Theorem  1.4  (above)  might  be 
applied  but  we  use  Lebesgue's  method  rather  than  try  to  show 
that  his  hypotheses  are  satisfied. 


Proof  of  Theorem  2.2a  Let  e  >  0  be  given0  By  (2.24)  there 
exists  an  n  >  0  such  that  x  <  t  <  x  +  n  implies  |  f (t) -f (x) | <£ 

for  each  x  e  [-  6,6]  . 


We  have : 


- 

' 
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( 2  o  26 ) 


r 

x 

:f  (x) 


f(t)  v  Ai 
rX+n 


v 


X 


[-v(t-x)]  dt 
Ai [- v ( t-x) ]  dt 


[f  (t) 


f (x) ]  v  Ai[-v(t-x)]  dt 


+ 


f(t)  v  Ai [- v ( t-x) ]  dt  . 


-tx+n 

Now  the  first  term  on  the  right  of  ( 2 . 26) approaches  2f(x) 

3 

uniformly  in  x,  -6  <  x  <,  6,  as  v  ^  00 ,  by  (2.7)  .  The  second 
mean  value  theorem  shows  that  the  second  integral  is 


[f (x+n) 


f  (x)  ] 


x+n 


v  Ai [-v (t-x) ]  dt 


where  x  <  £(v,x)<.  x  + 
generality  that  f(t)  - 
on  account  of  (2.23) Q) 
rx+n 


[f(t)  -f (x) ] 


( v,x) 

n.  (We  may  assume  without  loss 
f (x)  is  a  nondecreasing  bounded 
Thus  we  get,  on  using  (2„8)p 

v  Ai[-v(t-x)]  dt|<  2  e  M, 


of 

function, 


^  x 

for  all  v  >  0  and  all  x  e  [-6,6] .  We  also  apply  the  second 
mean  value  theorem  to  the  third  integral  on  the  right  of  (2.26) 
to  get: 


f  (b) 


v  Ai [-v (t-x) ]  dt. 


x) 


i*7  f(b) 


■v  (b-x) 

Ai(-t)  dt t 
v  U ( v ,x) -x] 


x  +  n  <£  ( v  ,x)  <  b 


and  this  clearly  tends  to  0  uniformly  in  x,  as  v  + 


oo 


(By  (2.7) 


-25 


Ai(-=t)  dt  exists)  0  This  completes  the  proof  of  Theorem  2020 


Theorem  203 


(2.27) 

Then 

(2.28) 


Let  f  be  defined  on  [b,«  ),  0  <  b  <  “  and  let 


t  3//4+x  f  e  BV  [b , ^  f or  some  £>0. 


lim  /  f(t)  v  Ai(-vt)  dt  =  0 

v-*oo  J  b 


Proof  of  Theorem  2 . 3 

We  may  assume,  without  loss  of  generality,  that  €  <  3/4 
since  the  condition  (2.27)  becomes  weaker  as  €  decreases. 

Now,  for  b  <  M  <  °° ,  we  haves 
M 

/  f(t)  /  Ai(-vt)  dt 
Jb 

rM 

-4> 


t  3/4  +€  f(t)  t3/4“€ 


0(1) 


M 


€  (  v  ,  M) 


v  Ai (~vt)  dt 
t3//4-€  v  Ai  (-vt)  dt,  uniformly  in  M,  v 


where  b  <  g(v ,M)  <  M  by  (2.27),  and  the  second  mean- value 
theorem.  Thus, 

fM  -3/4+6  rvM  3/4-£ 

/  f(t)  v  Ai(-vt)dt=0 (1) v  0  7  c Ai ( - 0 )  d 0 , 

Jb  -4£<v,M) 

Now  v  ^/4+€^  0  as  v  ->  .  It  follows  from  (2.5)  that 


q3/4  £  Ai(-0)  d0  exists  and  so 


vM 


3/4-* 


Ai(-0)  d( 


'v£  (v  ,.M) 


. 


' 
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approaches  0,  uniformly  in  M,  as  v  >  °° .  This  shows  that 

/ 

i  f  (t)  v  A±(-vt)dt  approaches  0  as  v  -*  °°  and  so  the  proof  of 
Theorem  2.3  is  complete. 

We  may  combine  theorems  2.1  and  2.2  in  a  single  theorem: 
Theorem  2 . 4  Let  -  °°<a<-6<0,  let  f  be  defined  on  [a,°°) 
and  suppose  that  f  e  L  (0,b)  for  each  b  satisfying  0  <  b  <  and 


(2.29)  lim 

/  f(t)  exp  [-A  (t+6)  3// 

b  ^°° J 

-  6 

some  real  X: 

(2.30)  f  e 

BV[a,  6]  ; 

(2.31)  f  e 

C  [  —  6  f  6 ]  f  in  case  6  f 

- 

r  6+h 

and  lim  h  ^ 

/  [f (t)  -  f (6) ]  dt 

h--*-0+ 

-'6 

Then 

(2.32)  lim 

c 00 

/  f(t)  V  Ai [ v ( t-x) ] 

-'a 

uniformly  in 

x,  -  6  <  x  <  6  . 

If  we 

put  6  -  0  in  Theorem 

Theorem  2 . 3 

we  get: 

Theorem  2 . 5 

Let  f  be  defined  on 

(2.33)  1 1  r 

3/4+6 f  £  BV[-°°,a]  for 

-  00  <  a  <  0 ; 

(2.34)  f  e 

BV  (a ,  0  ]  ; 

(2.35)  lim 

h"1  rh[f(t)  -  c]  dt  - 

h*»  0+  Jq 

]  dt  exists  and  is  finite  for 

0,  lim  f(-6-h)  =  f ( —  6 ) 
h->0+ 

=  0. 

dt  =  f (x) , 

2.4  and  combine  it  with 

-°°,°°)  and  let: 

some  C  >  0  and  some  a, 

0  . 
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Suppose  also  that  f  e  L(0,b),  for  each  b  satisfying  0  <  b  < 
that 

(2.36)  lim  j  f(t)  exp  (-At^/^)  dt  exists,  and  is  finite, 
b  J0 

some  real  A . 

Then 


(2.37)  lim 

v  •‘>°° 


v  Ai(vt)  dt  =  ~  f ( 0  — ) 


1 

3  c* 


and 


for 


. 
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CHAPTER  III 

KERNELS  OF  A  MORE  GENERAL  TYPE 

Fo  W.  Jo  Olver  [26]  gives  a  technique  for  finding 
bounds  for  the  difference  between  solutions  of 

(3.1)  d2w/dt2  =  [v2t  +  q ( t ) ] w 

and  those  of 

(  3  o  2 }  d2w/dt2  =  v 2 tw , 

where  q(t)  is  piecewise  continuous  on  the  interval  considered 

(and  satisfies  a  certain  integrability  condition  in  case  the 

interval  is  infinite) 0  We  use  a  slightly  simplified  form  of 

one  of  Olver*  s  results  to  prove  theorems  on  the  convergence  of 

singular  integrals  having  w(v,t)  as  kernel  where  w(v,t)  is  a 

2/3  2/3 

solution  of  (3.1)  which  behaves  like  the  solution v  Ai ( v  t) 
of  (30  2) .  The  approximation  of  solutions  of  (3.1)  by  Airy 
functions  has  been  considered  by  many  authors,-  particularly 
R.  E.  Langer,  Some  historical  remarks  on  asymptotic  solutions 
of  equations  like  (3.1)  may  be  found  in  Erdelyi  [5]s  Olver ' s 
form  for  the  "error  bounds",  however,  seems  the  most  convenient 
for  our  applications a 

Theorem  301 

Let  q  ( t )  be  a  continuous  function  of  t  on  a  <  t  <  °°  where 

-  oo  <  a  <0  and  lets 

r  °°  -h 

(3.3)  F  (x)  =  /  |t  q  ( t )  |  dt  exist  for  a  <l  x  < 

^x 
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Then  the  differential  equation 


(3.4) 


d2w/dt2  =  {v2t  +  q(t)}w 


possesses  a  solution 

( 3  o  5)  w(v,t)  =  v2/3  Ai(v2/3t)  +  e(v,t), 


where 

(3.6) 


r  4-\  2/3  _  i  2/3  ,  .  .  ~  1 . 

e(v,t)  =  v  Ai  ( v  7  t)  °(v  ) 


uniformly  in  t,  0  <  t  <  °° ,  and 

-1/3, 


3,7) 


(v,t)  =0  ( 


v 


f uniformly  in  t,  a  <  t  < 


We  also  have 


(  3  o  8 ) 


1/4 


3/2 


1  im  w  f  v  ,  t )  t  exp  ( v  t  ) 

t -3=00 


1  -1/2  1/2 

2  11  V 


for  each  \>  >  0 ,  and  for  each  v  >  0,  the  relation  (3.8) 
determines  the  solution  w(v,t)  of  (3.4)  uniauely. 

Remarks .  Apart  from  the  last  assertion,  Theorem  3.1  is  a 
slightly  modified  form  of  a  result  of  Olver  ([26],  Theorem  1) 
but  since  Olver' s  proof  is  given  only  for  finite  intervals 
[a,b]  and  merely  outlined  in  the  infinite  case,  we  include 
the  proof  of  Theorem  3,1  in  an  Appendix.  Another  of  Olver 8 s 
papers  [25]  is  also  useful  in  that  it  gives  a  somewhat  more 
detailed  proof  of  a  simpler  problem  involving  approximations 
in  terms  of  exponential  and  trigonometric  functions,  rather 
than  Airy  functions  . 

We  now  prove  two  theorems  on  singular  integrals 


involving  w(v,t)„ 
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Theorem  3 . 2 

Let  w(v,t)  be  the  solution  of  (3.4)  whose  existence 
is  demonstrated  in  Theorem  3.1;  let  f(t)  be  defined  on 
[-6,°°)  for  some  6  >  0  and  suppose  that: 

(3.9)  f(t)  exp  [-A (t+6) 3/2]  e  L  (-6,-) 
for  some  real  A; 

,  r  x+h 

(3.10)  lim  h"* 1/  [f(t)  -  f  ( x )  ]  dt  =  0, 

h->0+  -'x 

uniformly  in  x,  -  6  <  x  <  6. 

Then 

r 00 

(3.11)  lim  /  f(t)  w(v,t-x)  dt  =  f  (x)  , 

V->00  Jx 

uniformly  in  x,  -  6  <x  <  6. 

Remarks .  Except  for  the  absolute  integrability  in  (3.9), 
the  hypotheses  here  are  the  same  as  those  in  Theorem  2.1. 

Proof  of  Theorem  3.2 

It  is  clear  from  Theorem  2.1  that  the  contribution 
to  the  limit  in  (3.11)  from  the  principal  term  in  the 
expansion 

(3.12)  w(v,t-x)  -  v2/3  Ai [v2/3 (t-x) ]  +  €(v,t-x) 

1 

is  f  (x)  ,  uniformly  m  x,  -  6  <  x  <  6. 

(3.6)  shows  that  /  f(t)  £  (v,t-x)  dt  exists 

^x 


N  ' 
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for  all  sufficiently  large  v  and  (3.7)  shows  that 


/' 
J  x 


f (t) € ( vf t-x)  dt  approaches  0; uniformly  in  x, where  b  is  some 


number  satisfying  6  <  b  <  » „  we  also  have  /  f (t) g(v / t-x)  dt 

J  b 


<  0( v  1) 


If  (t)  I  v2/3  Ai  [V2/3  (t-x)  ]  dt 


-'b 

and^ in  view  of  hypothesis  (3C9),  Theorem  2ol  shows  that  this 
last  expression  tends  to  zero,  uniformly  in  x,  as  V  -*■  ooG 
This  completes  the  proof  of  Theorem  3.2. 


Theorem  3  o  3 

Let  w(v,t)  be  the  solution  of  (3.4)  whose  existence  is 
demonstrated  in  Theorem  3 0 1 u  Let  f  be  defined  on[-6,b], 

0  ^  6  <  b  <  <*>,  and  lets 

(3.13)  f  e  BV[-<5,b]# 

(  3  o  14)  f  e  C  [  -  6  ,  6  ]  ,  f  (6  +  )  =  f  (6)  . 

Then 

fb  2 

(3.15)  lim  /  f(t)  w(v,  -t+x)  dt  =  -j  f  (x)  , 

\j  -¥cc 

uniformly  in  x,  -  6  ^  x  ^  6. 

Remark  The  hypotheses  on  L  are  the  same  as  those  in  Theorem  2.20 
Proof  of  Theorem  3.3 

It  is  clear  from  Theorem  2.2  that  the  contribution  to 
the  limit  in  (3.15)  from  the  principal  term  in  the  approximation 

(3.16)  w(v,  -t+x)  =  v2/3  Ai[-v2/3  (t-fc)]  +c(vr  "t+x) 
is  2/3  f (x) ,  uniformly  in  x,  -  6  <  x  _<  6.  The 


.  . 


-32- 


contribution  of  the  remainder  term  in  (3.16) 
on  the  left  of  (3.15)  is  bounded  by 

,  fb 

lim  sup [  /  f(t)  €  ( v , t— x ) 

v->°° 

-1/3  f  b 

<  lim  Cv  /  J  | f ( t)  |  dt 

v->-°°  x 

on  account  of  the  relation  (3d)  ;  thus 

term  contributes  0,  uniformly  in  x,  to  the 
completes  the  proof  of  Theorem  3.3. 


Theorem  3  e  4  (A  combination  of  Theorems  3.2 
Let  f  be  defined  on  [a,m),  where  -  00 
and  let  f  satisfy: 


(3.17) 


f(t)  exp [-X ( t+6) 3/2]  e  l( - 


for  some  real  X ; 

(3.18)  f  e  BV  [a , 6] 

t 

(3.19)  f  e  C  [-6,6],  lim  f(-6-h) 

h-*0  + 


S  6+h 

lim  h"1  [f  (t)  -  f  (6)  ] 

h*  0  +  J 


Let  w(v,t)  be  the  solution  of  (3.4) 
is  demonstrated,  in  Theorem  3.1.  Then 


(3.20) 


S-  00 

lim  /  f(t)  w(v,t-x)  dt  = 
v->°°  -'a 


to  the  limit 

dt  | 

the  remainder 
limit.  This 

and  3.3) 

<  a  <  -  6  <  0  , 

<5  /  °°)/ 

=  f(  — 6)(  and 

dt  =  0  . 

whose  existence 

f  (x), 


uniformly  in  x, 


6<X4  6 . 


> 
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CHAPTER  IV 


SPECIAL  CASES 


The  theorems  of  the  previous  chapter  may  be  applied 


to  integrals  involving  various  special  functions.  We  do  not 
attempt  to  apply  all  the  results  of  Chapter  3  here.  The  main  idea 
essential  to  the  applications  of  these  theorems  will  be 
contained  in  our  application  of  Theorem  4.1  below.  Theorem 
4.1  is  obtained  from  the  cases  6  =  0  of  Theorems  3.2  and  3.3, 
where  the  condition  (3.10)  in  Theorem  3.2  is  replaced  by  the 

it  ii 

weaker  f(0+)  exists. 

Theorem  4.1.  Let  q(t)  be  a  continuous  function  of  t  on  a  £  t  <  , 

where  -  °°  <  a  <  0  and  suppose  that 


de  exists. 


''O 

For  each  v>0,let  w(v,t)  be  the  unique  solution  (cf. Theorem  3.1)of 


2 

{  v  t  +  q  (t)  } w , 


which  satisfies 


1  -1/2  1/2 

ttTT  v 


Let  f  be  defined  on  [a,°°)  and  suppose  that: 


(4.4) 


3 /2 

f(t)  exp(-At  )  e  L  (0,°°)  for  some  real  A; 


(4.5) 


f  (  0  +  )  exists ; 


(4.6) 


f  e  BV [a, 0] . 


Then 


(4.7) 


f(t)  w(v,t)  dt  =  |  f(O-)  +  -j  f(0  +  ). 
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Remark  The  continuity  of  together  with  (4.1)  shows  that 


F1  (x) 


q ( 0 )  j  d9  exists  for  a  <  x  <  ®,so  that 


x 


condition  (3„3)  of  Theorem  3.1  is  satisfied. 

We  will  use  Theorem  4.1  to  prove  the  following  Theorem 


Theorem  4 0 2 e  Let  -  °°  <  A  <  x  <B 
— — — . . -  o 

defined  on  [A,B)  and  suppose  that  : 


let  p(x)  and  r(x)  be 


(4.8) 


(4.9) 


p(x  ) 
^  o 


0 


(x-x  )  p(x)  is  a  positive  twice -continuous ly 


differentiable  function  of  x,  A  <  x  <  R; 

rB 


(4.10) 
(4  o 11) 


\/p(t)  dt 


ix 


o 


r(x)  is  a  continuous  function  of  x  for  A  <  x  <  B 


Let  t(x)  be  defined  by: 


x 


(4,12) 


~  t2//2  =  j  "\/ P  ( t)  dt ,  x^  <  x  <  B 
-'x 


o 


o 


2(-t)3^2  =/  °  V-p  (t)  dt,  A  <  x  (  xQ. 


lx 


Suppose  also  that 


(4.13)  p7  (x)  =  0  { exp  (  A  ^  t2^2 )  ]  ,  t  •>  00 ,  for  some  real  Ai; 

nn 

tr (x)  I  dt 


(4.14) 


h  ( t )  + 


P  (x) 


exists, where 


h  ( t)  =  ™  t  2  +  [4  p(x)p"  (x)  -  5  { p  ^ ( x )  } 2  ]  — - - 


'o  "  '  '  |  t 

(4.15) 

For  each  v  >  0,  let  W(v,x)  be  the  unique  solution  of 

(4.16) 


16 {p (x)  } 


d2y/dx2  =  {v2  p(x)  +  r(x)}y 
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which  satisfies 

: 

(4.17) 

lim  [p(x)]4  W(  v  ,x)  exp  (^-vt 
x+B-  ~  J 

3/2i 

=  [p'  (xQ) ]h. 

Suppose 

that  g(x)  is  defined  for  A  < 

x  <  B,and  that: 

(4.18) 

3/2 

g(x)  exp(-yt  7  )  e  L(x  fB)f 

for  some  real  y ; 

(4.19) 

g  (x  +)  exists ; 

-  o 

(4 . 20) 

g  t  BV  [A ,  x  ]  . 

^  o 

Then 

rB  2  i 

(4.21)  lim  /  g (x)  W(v,x)  dx  =  ^g(x  -)  +  g(x  +)  . 

/  *  >3  O  >3  O 


To  facilitate  the  application  of  Theorem  4.1  to  the 
proof  of  Theorem  4 . 2  we  give  the  following  lemma. 

Lemma  4 . 1  Let  p(x)  and  r(x)  satisfy  the  hypotheses  of 
Theorem  4.2.  Then:  (i)  Under  the  transformations  (4.12)  and 

(4 . 22)  w  =  [p  (x)  /t]  ^y, 

the  differential  equation  (4.16)  becomes 

(4.23)  d^w/dt^  =  {v^t  +  h(t)  +■  tr  (x)  /p  (x)  }w , 


* 

The  existence  and  uniqueness  of  W(v,x)  follow  from 
the  corresponding  properties  of  the  solution  w(v,t)  of 
(4.2)  on  making  the  transformations  described  in  Lemma 


4.1. 
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where  h(t)  is  given  by  (4.15); 

(ii)  (x  ~XQ)  t(x)  is  a  positive  twice  continuously 

differentiable  function  of  x  on  [A,B);  and 

(iii)  h(t)  is  continuous  on  [t(A),°°)o 

Remarks  The  transformation  described  in  (i)  is  well  known 
and, on  making  a  slight  change  of  variable,  is  that  given  in 
Olver  [26],  pc  756  *  (ii)  and  (iii)  form  the  content  of  a 
Lemma  of  Olver  (  [26]  ,  pD  756)  s 

Proof  of  Theorem  4.2  The  transformation  (4012)  maps  the 
interval  A  <:  x  <  B  onto  t(A)  <  t  <  °°  in  a  one-to-one  manner, 
the  point  t=  0  corresponding  to  x  =  xq0  We  suppose  that 
t  (A)  =  a  <  0. 

We  now  show  that  the  differential  equation  (4*23) 
satisfies  the  conditions  imposed  on  (4.2)  in  Theorem  4.10 
h(t)  +  t  r(x)/p(x)  is  continuous  on  [a,°°)  because  h(t)  is 
continuous  there  by  Lemma  4.1  (iii) ,  r(x)  is  continuous  there 
by  (4.11)  ,  (x-xq)  p  (x)  is  continuous  and  nonvanishing  there  by 

(4.9)  and  (x  xQ )  t( x)  is  continuous  there  by  Lemma  401  (ii)  0 
Moreover,  the  condition  (4.14)  is  just  ( 4  D 1 )  in  the  present 
case . 

We  see  from  (4.17)  and  Lemma  4.1  (i)  that,  for  each  v  >0 
(4*24)  w(v,t)  =  [p/‘(xo)  ]  1//2  [p  (x)  /t]  1//4  W  (  v  ,  x) 

is  the  (unique)  solution  of  (4.23)  which  satisfies  (4.3). 
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We  now  let 

(4.25)  f(t)  =  g  (x)  [t/p  (x)  ]  3/"4 ,  a  t  <  00  <* 

and  show  that  f (t)  satisfies  (4.4)  ,  (4.5)  and  (4.6)  .  First, 

we  see  by  (4.18) that 

^  3/2 

|g(x)  |  exp^-yt J/  j  dx 

o 


exists^  and  since  (4.12)  gives 
(4.26)  dt/dx  =  [p  (x)  /t]  1//2  r 


we  find 


(4.27) 


f  ( t )  |  [p  (x)  /t] '*‘//4  exp  ( -y  t 3//^ )  dt  exists. 


Now,  hypothesis  (4.9)  shows  that  (x-x  ) 


-1 


p(x)  is  a 


continuous  function  of  x  on  [x,B), while  Lemma  401  (ii) 
shows  that  (x-xq)  ^  t(x)  is  a  positive  continuous  function 
of  x  on  [xq,B).  Thus  [p(x)/t]4//4  is  a  continuous  function  of 
t  on  [0,°°)  .  We  have,  for  t  °°, 

/ r._,..x'ii/2 


[p(x)/t]3/2SE^ 


P  (x) 

t 


,  by  L'Hospital's  Rule, 


=  p/ (x)  ,  by  (4.26), 

=  0  [exp  Ui  t3//2)  ]  ,  by  (4.13) 


Thus  [p(x)/t]1//4  =  0[exp(-~-  t3//2)  ]  ,  t 

6 

and  we  see  from  (4.27)  that 


/-  CO 

I  |  f  ( t )  |  exp  (-At3'2)  dt 
'  0 

exists  when  A  >  y  -A^/6o  Thus  (4.4)  holds  in  the  present  case. 


. 
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L'Hospital°s  Rule  also  shows  that 

(4.28)  lim  [p(x)/t]3/2  =  p7  (x  ) 

t->0  +  ° 

so  that,  by  (4.19),  f(0+)  exists, and 
(  4  o  29)  f  (  0+)  =  g(xo+)  [p‘(xQ)  ]“1/2 

Hence  (1.5)  holds  in  the  present  case.  We  can  show  similarly 
that 

(4.30)  f(O-)  =  g(xo-)  [p/(xo)]-1/2 

Lemma  4.1  (ii)  shows  that  (x-xq)  2  t(x)  is  a  function 
of  bounded  variation  on  [A,xo]  and  hypothesis  (4.9)  shows 
that  (x-xq)  2  p(x)  is  a  positive  function  of  bounded 
variation  on  [A,xq] ;  also,  by  (4.20),  g  e  BV[A,xo]„  Thus 
f(t)/  considered  as  a  function  of  x^is  of  bounded . variation  on 
[A,x  ]0  Now  x  is  a  monotonic  bounded  function  of  t,  a  <  t  <  0, 
so  that  f(t) ,  considered  as  a  function  of  t,  is  of  bounded 
variation  on  [a,0]»  Thus  (4.6)  bolds  in  this  case. 

Thus  all  the  conditions  of  Theorem  4.1  are  satisfied 
when  f(t)  is  given  by  (4. 25), and  w(v,t)  by  (  4  0  2  4  )  0  The 
conclusion  of  Theorem  4.1  gives; 

z  c  °o 

( 4  o  31)  lim  [p7  (xq) ]  2^2  /  g  (x)  [t/p  (x)  ]  1//2  W  (v,x)  dt 

v->°°  da 

=  |  f  (0-)  +  if  (0+)  . 

On  using  (4.26),  (4029)  and  (4.30),  this  becomes 

r  B  2  1 

lim  /  g  (x)  W  ( v ,.x)dx  =  j  g(xQ")  +  3  ^  ^xo+)  ' 

v->-oo  Ja 


. 
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which  is  just  (4.21), 

This  completes  the  proof  of  Theorem  4*2. 

Theorem  4.3.  Let  W  . „(x)  denote  the  Whittaker  confluent 

- — — r— V 

hypergeometric  function,  as  defined,  e.g.,  in  [35],  p.  339. 
We  suppose  that  m  is  real,  and  that  v  >  0,  x  >  0.  Let 
0  <  A  <  1,  let  g(x)  be  defined  on  [A,°°)  and  suppose  that: 


(4.32) 

_  1  |  .. 

e  1  ^  g(x)  c  L  ( 1 ,  °° )  for  some  real  yx; 

(4.33) 

g(l+)  exists; 

(4.34) 

g  eBV [ A , 1 ]  . 

Then 


(  4  0  3  5 ) 

OO 

lim  — r-  /  g(x)  W  (4vx)  dx 

v.*«,  r<u>  JA 

=  3.  g  ( 1  — )  +ig  (1+) . 

Remarks  W  (x)  is  one  of  the  functions  considered  in 
- — _  v  ,  m 

Slater's  monograph  [31].  Its  asymptotic  properties  have  been 
discussed  in  great  detail  (see,  Erddlyi  and  Swanson  [8], 
Skovgaard  [30] ,  and  the  references  given  there) .  It  may  be 
possible  to  prove  Theorem  4.3  by  using  these  properties  but 
we  prefer  to  deduce  it  from  Theorem  4„2. 

Proof  of  Theorem  4.3.  We  let: 


(4.36) 

W  ( v ,  x )  =  A  W^  m  ( 4  v  x )  ,  A  <  x  <  ,  v  >  0 

where 

v  1/2- v 
e  v 

(4.37) 

A  =  ~Z  ~\J2 

V  (  2  7T  ) 
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We  see  from  [8]  ,  p.  7,  (2.9)  ,  that 


y  ™  W  (  v  ,  x ) 


satisfies 


(4.38) 


2 


dx 


x 


/ 


and  we  proceed  to  show  that  the  hypotheses  of  Theorem  4.2 
are  satisfied,  with 


x^  =  1,  B  =  <*,  p(x)  -  4(1 


x 


Conditions  (4.8)  to  (4.11)  are  immediate.  The  transformation 
(4.12)  for  this  special  case  has  already  been  considered 
(except  for  a  multiplicative  constant)  in  [8]  and  [30] .  The 
following  are  easily  proven  (and  may  be  found  in [8] ,  p.  26, 
(8.8)  and  (8.9))  : 


(4.39)  Z  =  2(x2  -  x)^-2  log  [x^  +  (x-l)^],  1  <  x  <  *>  ; 

(4.40)  ™t2/ 2  =  2x  -  log  4x  -1  +  0(x  ,  x  -»■  °° . 

We  have  p'(x)  =  4x  2,  so  that  it  is  clear  from  (4.40)  that 


(4.13)  holds.  We  also  have,  in  the  present  case: 


(4.41) 


h ( t)  +  tr (x) /p (x) 


(8x-3)t  .  (4m2-l)t 

- — ■  ■  ~  — ■- — — — - — -  -f*  — — — — - — - * 

64x (x-1) 3  16x (x-1) 


,  A  <  x  <  °° 


~t  2  +  0(1)  t  3/2  +  0(1)  (t  2)  ,  t  ->  oo 

1  D 


by  using  (4.40)  .  Using  this  asymptotic  result  and  the 
continuity  of  the  left-hand  side  of  (4.41) 
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we  see  that 


tr  (x) 
P  (x) 


exists  and  is  finite,  i.e., (4.14)  holds  in  this  case. 

We  now  use  ([35],  p.  343); 

(4.42)  W.  (x)  =  e  xk,  x 

k  ,ra  ' 

together  with  (4.40) ,  to  see  that 

(4.43)  lim  [4(1  -  ~)]4W(v,x)  exp  (—vt^^2)  =  tt  ^ \j 

X  O 

which  is  just  the  condition  (4.17)  for  this  case. 


We  are  given,  (4.32)  : 

e  g(x)  e  L  ( 1 ,  °° ) 


so  it  is  clear 
we  get  from  (4 


that  if  we 


40)  : 


choose  3y  >  max(ij^,0), 

0  (e"PlX)  ,  x  +  °° 


and  so 

3 /2 

ept  g(x)  e  L  ( 1 ,  oo ) 

Thus  condition  (4.18)  holds  in  the  present  case.  (4„19) 
and  (4.20)  are  just  (4.33)  and  (4034)  respectively 0  Hence  all 
the  hypotheses  of  Theorem  4.2  are  satisfied  and  we  get 

lim  A,, 

v 

=  j  g(l-)  +  |  g  ( 1  +  )  . 


JA  g  (x)  Wv  m(4  U  x)  dx 


Now,  Stirling's  formula  shows  that 


' 


■ 
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1  im  A  r  ( v )  =  1 , 

V-^°° 

so  that  we  immediately  get  (4035) . 

This  completes  the  proof  of  Theorem  4.30 


Corollary  (A  kernel  involving  the  Laguerre  polynomials) 

•  (  Oi) 

The  Laguerre  polynomials  (x)  are  related  to  m(x)  in 

the  following  way  (cf.  Slater  [30],  p.  95): 

n 


( 4  o  44 ) 


(a)  _  (-1)“  e>sx  X-Js  {<*.+  1)  „ 


LA"  (x)  =  nr 


a+l,„  a 

-j-.+n,  5- 


(X) 


Using  (4.44)  we  can  show  that,  if  g(x)  satisfies  the 
hypotheses  of  Theorem  4.3,  then,  for  each  real  x 


/  a  a  r  \  -i-  ,  .  n  ~  ot  +  1  /  ,  ,  . -2  vxt  ( a)  ,  .  \_n 

(4.45)  lim  (-1)  n  2  /  g(x)  e  L  (4vx)  dx 

n->°o  J  a  n 

=  |  g(l-)  +  |  g(l+), 

,  a  +  1 

where  v  =  n  +  — . 


Theorem  4.4  Let  D  (x)  be  the  parabolic  cylinder  function, as 

def ined, e . g . ,  in  [6],  vol.  2,  Chapter  8.  Let v  be  real,  -1 < A  <  1 , let 

g(x)  be  defined  oh  [A,00)  and  suppose  that: 

-MX2 

(4.46)  e  g(x)  e  L(l,«)  for  some  real  y ; 

(4.47)  g  (1+)  exists; 

V 

(4.48)  g  e  BV[A,1] . 

Then 

,(3-v)/2  1/4  («> 

<4-49)  ~7J7/T>~ -  J  a  g(x)  D-,42  x^>  'dx 

=  |  g(l-)  +  |  g  ( 1+) . 

Remarks.  Erddlyi,  Kennedy  and  McGregor  [7]  use  the  differential 
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equation  satisfied  by  D  (x)  to  derive  asymptotic  forms  for 
this  function.  A  differential  equations  approach  has  been 
used  by  H.  Skovgaard  [29]  to  derive  asymptotic  forms  of 
Hermite  polynomials  (which  are  special  parabolic  cylinder 
functions) .  The  proof  of  Theorem  4.4  is  very  similar  to 
that  of  Theorem  4.3  so  we  merely  give  it  in  outline. 

Proof  of  Theorem  4.4  (Outline)  We  let 
(4.50)  W  ( v ,  x)  =  B  D  i  (2  x\/v )  , 

\ )  V- "5 

where 

(4.51,  B  =YIev/2  v-/2  +  3/4. 

V  1  TT 

We  see  from  [7]  ,  p.  462  that  y  =  W'(v,x) 
satisfies : 

(4.52)  d2  y/dx2  =  4v2(x2-l)y, 

and  we  proceed  to  show  that  the  hypotheses  of  Theorem 
4.2  are  satisfied,  where: 

x  =  1,  B  =  °°,  p(x)  =  4  (x2  -1)  ,  r(x)  =  0. 

Conditions  (4.8)  to  (4.11)  are  immediate,  as  before;  the 
transformation  (4.12)  in  this  special  case  is  (except  for 
a  multiplicative  constant)  the  one  considered  in  [29] , 
p.4.  Either  directly,  or  from  [29],  p.5,  (2.17)  we  get 

(4.53)  jt3//2  =  x2  -  log  2x  -  +  Q(x  2)  ,  x 

This  asymptotic  formula  together  with  Lemma  4.1  (iii)^ 


. 
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enables  us  to  prove  (4,13)  and  (4.14)  in  the  present  case. 

We  now  use  (  [35]  ,  p.  348)  : 

2 

v  v  -x  /4 

(4.54)  D  (x)  =  x  e  /  ,  x  °°f 
together  with  (4.53) ,  to  get 

(4.55)  lim  [4  (x2-l)  ]  W(v,x)  exp  (~v  )  =ffiT 

v-*°° 

which  is  just  (4.17)  for  this  case. 

With  the  aid  of  (4.53)  we  show  that  (4.46)  implies 
(4.18),  and  (4.19),  (4.20)  are  just  (4 . 47)  ,  (4.48)  respectively. 

Thus  we  see  that  all  the  hypotheses  of  Theorem  4„2  are 

satisfied  and  we  get  (with  B ^  given  by  (4.51))  : 

00 

(4.56)  lim  bu  ;  g(x)  D  ,  (2x~C)  dx 

vJa  v~2 

=  |  g(l-)  +  j  g(l+) . 

On  noting  that,  by  Stirling's  formula , 

B  r  (v/2) 

23-v/2  v1/4  =  1' 

we  get  (4.49).  This  completes  the  proof  of  Theorem  4.4. 


Corollary  (A  kernel  involving  Hermite  polynomials) . 

The  parabolic  cylinder  function  D  (z)  is  related 
the  Hermite  polynomial  H  (z)  in  the  following  way  (cf. 
vol „  2,  p.  117(9)): 


(4.57) 


D  (z) 

n 


e  2  /4  2  n/2  Hn(2  1//2z) 


to 

[6], 


Using  (4.57)  we  can  show  that,  under  the  hypotheses  of 


Theorem  4.4: 
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(4  o  5  8 ) 


-7/4-v  %  2 

lim  — - — — /  g(x)  e  X  H  (x^2v) 
D>°°  r  (v/2)  J  A  n 

=  -j  g(l-)  +  -“(g(l+)  ,  v  =  n  +  1/2. 


dx 


Theorem  4 . 5 0  (A  kernel  involving  a  Bessel  function) 

Suppose  that  1  <  b  <  °°  f  that  g(x)  is  defined  on  (0  ,b], 
and  that: 


(4.59) 

(4.60) 

(4.61) 


xug(x)  e  L(0,-1)  ,  for  some  real  y ; 
g(l-)  exists; 
g  e  BV[l,b] . 


Then 

rb  12 

(4.62)  lim  /  g(x)  vJ  ( vx)  dx  =  Trg(l-)  +  g(l+)  . 

v-*°°  JO  v  J  s 

Remarks 0  This  is  the  result  of  Lorch  and  Szego  ( [20]  (a)  , 
Theorem  1)  referred  to  in  our  Introduction 0  They  prove  it 
by  using  certain  properties  of  Bessel  functions;  we  will 
prove  it  by  using  Theorem  4»2«  The  proof  is  very  similar  to 
that  of  Theorems  403  and  4  0  4  y  one  difference  being  that  the 
oscillatory  region  of  the  kernel  is  now  to  the  right  of  the 
point  t  =  1. 


Proof  of  Theorem  4 . 5  (outline) .  We  let 

(4.63)  W(v,x)  =  Cv(-x)JsJv(-vx)  , 

where 


C 

v 


r(v  +  l)  ev 

x  h  v  - 
(  2  7T  )  V 


(4.6  4) 


. 
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If  y  =  W(v,x) ,  then  y  satisfies  the  differential  equation 


(4.65) 


d2y  _  r  2  ,  -2  ,  .  -2  //t , 

— j  -  (v  (x  -1)  -  x  /4]y, 

dx 


(cf.  [5],  p.  20,  (5.2)).  We  proceed  to  show  that  the 

hypotheses  of  Theorem  4.2  are  satisfied,  where: 

p ( x )  =  x  2  -1,  r (x)  =  -jx~2,  xq  =  -1,  B 


=  0 


The  hypotheses  (4.8)  to  (4.11)  are  easily  shown  to  hold  in 
this  case. 

The  transformation  (4.12)  is  in  this  case: 

x./  - 


2.  3/2  = 
3 


-1 


l-t‘ 


dt ,  -  1  <  x  <  0 , 


(4.66) 


2(_t)3/2  =  I  dt,  A  <  x  <  -  1 


J 


x 


where  we  have  chosen  A  -  -b.  Apart  from  some  changes  in 
sign  this  is  the  transformation  discussed  in  [5],  p.  20, 
and  we  may  deduce  from  the  work  there,  or  from  (4.66)  directly, 
that : 


(4.67) 


(4.68) 


2,3/2  ,,  2>  1/2  ^  .  r  i  i  /  ■}  2  ,  1/2, 

jt  '  =  — ( 1 —X  )  '  +  log  [1  +  (1-x  )  '  ] 

-  log (-x) ,  -I  <  x  <  0 , 

|t3/2  *  -log(-x)  +  log  2  -  1  +  0(x2),  x  +  0-. 
_  3 

=  -2x  ;  this  gives,  on  using  (4.68) 


p'(x)  =  0(1)  exp  (2t3^2)  ,  x  -+  0-, 


We  have  p ' (x) 


. 


' 


■ 


: 


47 


and  so  (4.13)  is  satisfied  in  the  present  case. 

We  also  have 

2  2 

( 4  o  69)  h  ( t)  +  tr(x)/p(x)  =  ~  t  2  +  tx  tx  +~^— , 

G  4(x  -1)^ 

(cfo  [27],  p.207).  On  using  (4.68),  this  gives: 

(4.70)  h  ( t)  +  tr(x)/p(x)  =  ^=-t  2  +  0(l)t  exp  [— jt 3//2  ]  ,  t+°°  ; 
hence,  the  integrabili ty  condition  (4.14)  is  satisfied.  We  now 
use 

(4.71)  Vx>  "  rtv+ir  x_>0+' 

together  with  (4.68),  to  get: 

(4.72)  lim  [x  2-l]  ^  W(v,x)  exp  (~vt3//2)  =  ( 2  n ) 

x+ o— 

this  is  just  (4.17)  for  the  present  case,  since  p’(-l)  =2. 

We  now  define  a  function  g^(x)  by 

(4.73)  (-x)  gx  (x)  -  g (-x) ,  A  <  x  <  0 . 

It  is  clear  from  (4,59)  that 

(4.74)  (~  x)y+!s  g-j_  (x)  c  L  (-1 , 0)  ; 

3 

it  follows,  then,  from  (4.68),  that  if  we  choose  -jX  >  max(jj+KQ) 
we  will  obtain: 

(4.75)  g  (x)  exp  (-At 3/72 )  gL(-l,0). 

Thus  (4.18)  holds  in  this  case.  It  is  clear  from  (4o60) 
and  (4.61)  that 

(4.76)  g^(-l-)  exists, 
and 

(4.77)  glGBV[A,-l] 

Thus  all  the  hypotheses  of  Theorem  4.2  are  satisfied  when 


X 


' 


J*  i 


f  K  'X  ) 
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W(v,x)  is  given  by  (4.63)  and  g-^(x)  is  given  by  (4.73). 

The  conclusion  of  Theorem  4.2  gives: 

XO  1 

gx(x)  ( — x )  ^  Jv(-vx)  dx  =  -j  g1(-l-)+jgl^  1+^  ' 

i  .e. , 

(4.79)  lim  C  f  g(x)  J^(vx)  dx  =  ^g(l-)  +  |g(l+). 

Stirling's  formula  shows  that 
lim  C  /v  =  1, 

V  -*-oo 

so  that  (4.62)  follows  immediately  from  (4.79).  This 

completes  the  proof  of  Theorem  4.5. 

We  have  now  proved  or  stated  theorems  on  singular 

integrals  involving  the  following  special  functions: 

The  Airy  function  Ai(x)  (Theorems  2.1  to  2.5); 

The  Whittaker  function  W,  (x)  (Theorem  4.3); 

k,m 

( ot ) 

The  Laguerre  polynomial  L  (x)  (Corollary  to  Theorem  4.3) 
The  parabolic  cylinder  function  Dy(x)  (Theorem  4.4); 

The  Hermite  polynomial  Hn(x)  (Corollary  to  Theorem  4.4); 
The  Bessel  function  J^(x)  (Theorem  4.5). 


. 
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CHAPTER  V 

CESARO  SUMMABILITY 


In  order  to  prove  a  convergence  theorem  for 

f (t)  v  2/3  Ai[v2/3(t-x) ]dt 

we  have  so  far  assumed  f  to  be  of  bounded  variation  over 
the  interval  in  which  Ai(t-x)  is  oscillatory.  We  shall  see 
in  this  chapter  that  this  condition  may  be  considerably 
weakened  if,  instead  of  convergence,  we  consider  Cesaro  (C,k) 
summability,  k  >  1/2.  The  definition  of  Cesaro  summability 
which  we  will  use  is  the  following: 


Definition  5.1  (cf .  Hardy  [14]  ,  pp .  110-111)  . 

Let  F(v)  be  a  bounded  integrable  function  of  v  on  each 
interval  (0,A),  0  <  A  <  00 .  We  define  C,  (F(v)},  the  (C,k) 

K  f  V 

mean  of  F(v),  in  the  following  way: 


(5.1) 

We  say  that 


CQ  ^{F(v) }  =  F ( v ) , 

-k  r  k-l 

C,  ( F ( v ) }  =  kv  /  (v-p)  F (p)  dp,  k  >  0. 

K,  v  JQ 


(5.2)  (C , k)  -  lim  F(v)  =  A, 

v->°° 

if 


lim  C,  { F  (  v )  }  =  A. 

K  /  V 

V  ->°° 

Remarks .  Hardy  (loc.  cit . )  gives  the  definition  for  the  case 
in  which  F(v)  is  a  definite  integral  with  upper  limit  of 
integration  v.  He  remarks  ([14],  p.  119)  that  it  may  be 
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extended  to  integrable  functions  F(v) .  The  definition  is 
analogous  to  that  of  Cesdro  summability  for  sequences  and 
series,  and  apparently  for  this  reason^ separate  proofs  of  the 
properties  of  (C,k)  summability  (in  the  sense  of  Definition 
(5.1))  are  rare.  Hence,  we  include  a  proof  of  the  "regularity" 
of  this  type  of  summability  (Lemma  5.1,  below) . 

We  will  show  in  this  chapter  that,  for  k>l/2,  and  with 

0  <  b  <  oo 

f  b 

(5.3)  (C,k)-lim  f ( t)  v  2/3  Ai (- v 2/3t) dt  =  ~  f (0+) 

J0  J 
under  the  assumptions: 

(5.4)  f  e  L [ 0  y  b]  /  f(0  +  )  exists. 

These  are  milder  assumptions  than  the  assumption  f  e  BV[0,b] , 
which  is  necessary  to  deduce  the  case  k=0  of  (5.3)  from  Theorem  2.2. 
We  show  also  that  conditions  (5.4)  are  not  sufficient  to 
imply  (5.3)  in  case  0  $  k  <  1/2.  The  above  results,  which  form 
the  content  of  Theorem  5.1,  are  completely  analogous  to  results 
of  Lorch  and  Szego  concerning  the  kernel  vJ^(vt)  ([21], 

Theorem  4.1) 0  Our  method  of  proof  is  almost  exactly  the  same 
as  that  of  these  authors. 

We  show  in  Theorem  5 . 2  (below) that  (5.3)  holds  even  in 
case  k  =  1/2,  provided  f  satisfies,  in  addition  to  (5.4),  a 
growth  condition  on  the  right  of  the  point  t  =  0,  but  that  conditions 

(5.4)  ,  together  with  this  extra  condition , are  not  sufficient 
to  imply  (5.3)  in  case  0  <  k  <  1/2. 

In  Theorem  5.3,  we  extend  some  of  these  results  to  singular 
integrals  involving  w(v,t) (in  the  notation  of  Chapter  3) . 


-51- 


We  find  it  necessary  however  to  make  an  extra  assumption  concern 
ing  the  existence  of  the  integrals  involved  in  the  (C,k)  process 
The  proofs  of  Theorems  5.1  and  5.2  will  be  made  to 
depend  on  several  lemmas. 

Lemma  5 . 1  (Regularity  of  the  (C,k)  -  method) . 

Let  F(v)  be  a  bounded,  integrable  function  of  v  on  each 
interval  [0,b.]>  0  <  b  <  °°.  If,  for  a  fixed  k  >  0, 

(5.5)  (C,k)  -limF(v)  =  A, 

then 

(5.6)  (C,k+ct)  -  lim  F(v)  =  A,  for  each  a  >  0. 

v->°° 

Proof  We  use  the  method  suggested  in  Hardy  [14] ,  p.lll. 

It  will  clearly  be  sufficient  to  consider  the  case  A  =  0.  We 


now  use : 
(5.7) 


v 


(v-pf  1  [ 


0 


0 


P  k-1 

(p-q)  F(q)  dq]  dp 


v 


=  B ( a  ,  k)  /  (  v-p) 

J  0 


k+a-1 


F  (p)  dp,  k  >  0 ,  a  >  0 


This  relation  is  given  in  Hardy  [14]  ,  p.  Ill,  (5.14.3)  ,  and 
easily  proved  by  interchanging  the  order  of  the  integrations 
on  the  left-hand-side.  On  using  (5.1)  and  (5.7)  we  find: 

-k-a  r v 


(5.8) 


(F(v)}  = 


-1  k. 


•k+a,v .  kB(a,k)-J0  ('’-P).  D  Ck^{F(p)  }dp. 


New,  if  €  >  0  be  given,  we  can,  by  (5.5)  ,  with  A  =  0,  choose 

N'  so  large  that  p  >  N  implies 


k ,  p 


{ F  (p)  } 


<  6 . 
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We  then  have 


-k-a  /  ,  N  a-1  k  _  rT_, ,  x  . 

v  /  (v-p)  p  C  { F  (p )  }dp 

JN  K'P 

-k-a  N  a-1  k  , 

<  <£  v  (v-p)  p  dp 

JO 


=  <=  B  (Qf,k+1)  . 


We  also  have 


rN 

I  (v-p) a  p  Ck^p{F(p)}dp 

rN  ,  rp 

=  k  /  ( v-p) a  1 [  /  (p-q) 

J0  Jo 

r  N 


k-1 


F(q)  dq]  dp 


=  k  B(k,a)  /  (v-q)a+k  1  F(q)  dq , 

Jo 


the  last  equality  following  from  [6] ,  vol.  1,  p.10 
This  gives: 


v 


-k-  aj 


-N 


'0 


,  x  a-1  k 
(v-p)  p 


and  so  we  have 

lim  v 

v 


-k- 


a 


( v-p) 


0 


Ck  p ( F ( p) }  dp  =  0 ( v  1) 
a_1  Pk  Ck,p{  F^P)}  dP  = 


,  (13). 


F (q)  |  dq 


0. 


It  is  then  clear  from  (5.8)  that 


(C,k+a)  -  lim  F(v)  =  0, 

V~>°0 

so  that  (5.6)  holds  (with  A=0)  for  k  >  0.  The  corresponding 
result  for  k  =  0  is  proved  similarly  except  that  (5.8)  is 
replaced  by 

—  f v  —  i 

C  ( F ( v ) ) =  av  a  (v-p)a  F (p)  dp. 

a'v  J  o 

This  completes  the  proof  of  Lemma  5.1. 

Lemma  5.2.  Let  F(v,t)  be  a  bounded,  integrable  function  of  v 
on  each  interval  [0,b]  ,  0  <  b  <  °° ,  and  for  each  t  in  a  set  E  of 
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real  numbers.  Suppose  that: 

(5.9)  lim  F ( v , t)  =  0  , 

v  ->°° 

uniformly  in  t,  t  e  E; 

,  r6 

(5.10)  |  /  F(v,t)dv|  <  M(b), 

a 

for  all  t  £  E,  and  for  all  subintervals  [a, 3]  of  [0,b]. 
Then,  for  k  >  0, 

(5.11) 

uniformly  in  t,  t  e  E. 

Proof.  Let  k  be  a  fixed  positive  number;  we  have 


(C,k)  -  lim  F(v,t)  =  0, 


(5.12) 


C,  { F  (  v  ,  t )  }  =  kv  k  /  (v-p)k  1  F  (p  ,  t )  dp. 

K'v  Jo 


If  €  >  0  is  given,  then  (on  account  of  (5.9))  we  can  find 
N  such  that 

I  F  ( p ,  t )  |  <  €  , 

whenever  p  >  N,  and  t  e  E.  Thus,  we  have 


(5.13) 


kv 


-k 


v 


(v-p) k  1  F(p,t)  dpf  <  6, 


N 


for  all  t  £  E.  We  also  have,  for  0  <  k  <  1, 


N 


kv  k  f  (v-p)k  ^  F(p,t)  dp 


0 


,  -k  ,  Mvk-1 

=kv  (v-N) 


rN 

J;(v,t)F(p’t)  dp' 


by  the  second  mean-value  theorem,  where  0  <:  C(v,t)  <:  N. 

We  see  from  (5.10),  that  this  last  expression  is  bounded  by 

kv”1  [1  -  N/v] k_1  M (N)  , 

and  so  approaches  zero,  uniformly  in  t,  as  v  -►  If  k  >  1, 
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we  have 


kv 


-k 


•N 


0 


( v-p) 


k-1 


F(p,t)  dp  =  kv 


-1 


■n  (v ,  t) 


F (p, t) dp, 


0 


where  0  <  rj(v,t)  ^  N,  and  the  right-hand-side  here  again  tends 
to  zero,  uniformly  in  t,  as  v  ->  °°,  by  (5.10)  .  Recalling 
(5.13) ,  we  now  see  that 

kv  k  f  (v-p)k  1  F (p , t)  dp 

Jo 


tends  to  0,  uniformly  in  t,  as  v  °° ,  and  so  the  proof  of 
Lemma  5.2  is  complete. 


Lemma  5.3.  Let  k  and  b  be  fixed,  0  ^  k  <  1,  0  <  b  <  °° .  Then 

C, 


(5.14) 


'k ,  v 


,  2/3  _  .  .  2/3.  ,  , 

{  v  Ai  ( - v  t)  } 


=  ak  t-V4-3k/2v-k+l/2  cos(|vt3/2_lkT  . 

+  t~7//4  0(v"1//2)  +  t"1^4  0  ( v_1//2)  ,  0  <  t  <  b, 


the  O-terms  holding  uniformly  in  t,  0  <  t  <  b,  where 

(5.15) 


ak  =  7T  1/2  r  (k+1)  (3/2) k. 


Proof.  Throughout  the  proof  all  O-terms  hold  uniformly  in  t, 

0  <  t  (  b,  as  v 

We  see  from  (2.5)  that 

2/3...  2/3  .  -1/2  h  -h  ,2  ,3/2  tt.  ,  no  ,  .. 

(5.16)  v  '  Ai(-v  t)  =  tt  '  v  t  cos  (-jvt  -  j)  +Al(v,  t), 

where 

(5.17) 

for  some  constant  C  >  0.  Thus  we  see  that  (5.14)  holds  in  the 
case  k  =  0,  When  k  >  0  and  t  >  0,  C,  (X(v,t))  exists  since 

K  f  V 


R(v,  t)  I  <  Cv  1/2  t  7//4,  v  >  0,  t  >  0, 
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the  (C,k)  means  of  the  other  two  expressions  in  (5.16)  exist. 
On  account  of  (5.17) ,  we  have 


(5.18) 

C,  <  C  k  B (k , 1/2) v  1/2  t  7/4,  v  >  0,  t  >  0 , 

K  ,  V  N 

and  so  we  get,  from  (5.16)  : 


(5.19) 

C,  {  v2/3  Ai  (-v2//3t)  ) 

K  ,  V 

=  k,-1/2  _(v<v-p)k~1 

p^cosffpt3/2  -J)  dp  +  t-7/4  0(v-1/2). 

1/2  1/2 

The  error  made  in  replacing  p  by  v  in  the  integral  in 


(5.19)  is 

bounded  by 

(5.20) 

i,  -1/2  .-1/4  -k  fv,  1/2  1/2  w  v  k-1 

j  k  TT  '  t  v  (v  '  “P  '  )  (v-p) 

J  0 

cos  (-j  pt  '  -  j)  dp  |  . 

Now, 

(5.21) 

,  1/2  1/2W  ,  k-1  ,  1/2  1/2, k.  1/2  1/2, k-1 

(v  -p  ) (v-p)  =  (v  -p  /  )  (v  +p  ) 

Since  0  < 

k  <  1 ,  we  see  that  both  factors  on  the  right-hand- 

side  of  (5.21)  are  nonincreasing  functions  of  p,  0  <  p  <  v. 

Thus,  we  can  apply  the  second  mean- value  theorem  to  the 

integral  in  (5.20)  to  see  that  the  error  referred  to  above 

-1/4  -1/2 

is  bounded  by  Kt  /  v  '  ,  where  K  is  some  constant  which 

depends  only  on  k.  Thus, (5.19)  becomes 


(5.22) 

C,  (v2/3  Ai (-v2/3  t)  } 

k ,  v 

_  k^-1/2^-1/4 ^-k+1/2 J  (v-p)^  ■*"  cos(j  pt3//2-  7i/4)dp 

+  t -?/4  OP"1'2)  +  I"1/4  0(v-1/2). 

Now 

r 
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(5.23) 

J  (v-p)k  "*■  cos  (jpt3//2  -  tt / 4 )  dp 
l  (3/2) k  t-3k/2  A2/3)vt3/2  xk-X 

Jo 

cos  (x--jvt3//2  +  tt/4)  dx 

,  o  /o\ k  -3k/2f°°  k-1  ,  2  ,3/2,  /A\A 

=  (3/2)  t  /  /  x  cos  (x— ~-vt  +tt/4 )  dx 

Jo 

t  t"3^'1  0(1) 

=  (3/2)kt  3k//2r  (k)cos(^-vt3//2-k7T/2-Ti/4) 
+t~3//2vk_10  (1)  ; 

the  second 

equality  follows  from  an  application  of  the 

second  mean-value  theorem,  and  the  third  equality  follows  on 
using  equations  (37)  and  (38)  in  [6],  vol .  1,  p.  13.  If  we 


substitute 

this  result  in  (5.22),  we  obtain  (5.14),  and 

Lemma  5 .  3 

is  proven. 

Lemma  5.4. 

We  again  let  0  <  b  <  °°,  and  we  suppose  that: 

(5.24) 

A,  ( v  ,  a )  =  f  ta|c,  { v2/3Ai (-v2/3t)  }  |  dt, 

K  Jq  K,V 

for  each  v 

>  0,  a  £  0  and  0  k  <  1 .  Then,  as  v  ->  °° , 

(5.25) 

Ak  ( v , a )  =  Ck(a) v1/2"k+0(l)  ,  0  <  k  <  1/2, 

where 

(5.26)  ck(a)  =  2tt  3/2(3/2)k  1r  (k+1)  ba  +3/4  3k/2/ (|a+^-k)  ; 


(5.27) 

A1/2(v,0)  =  TT  1  ( 2/3 )  1/2  logv  +  0(1); 

(5.28) 

A 1/2  (  V  ,  a )  =  01  >  ^  ' 

and 

(5.29) 


Ak(v,a)  =  0(1),  1/2  <  k  <  1. 
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Proof  In  this  proof  all  O-terms  will  refer  to  v  + 
We  have,  for  all  a  and  k  considered, 

r  b 


Ak(v'a)  =J  -2/3ta|Ck,v{v2/3Ai(_v2/3t)  }  ldt  +  0(D/ 


(5.30) 

because  Ai(t)  is  bounded  (from  (2.2),  for  example),  and  hence 
I  C, 


'k ,  v 


{ v2/3  Ai (-v2/3t) } 


'  v 


<  K  kv 


( v-p) 


'0 
2/3 


k-1  2/3 

P 


dp,  for  some  constant  K, 


<  K-j^  v  ,  for  some  constant  K1> 

We  now  use  the  result  (5.14)  of  Lemma  5.3.  The  contributions 
from  the  remainder  terms  in  (5.14)  to  the  integral  in  (5.30) 
are  0(1) .  Thus  (5.30)  becomes: 


(5.31) 


a  t  \  1/2-k 

A^(v,a)  =  akv 


a-l/4-3k/2 


v 


-2/3 


ak  being  given  by  (5,15), 

Making  the  change  of  variable 
(5.32) 


23/21  i 

cos(jvt  -  ^-kir  -  tt/4 )  |  dt  +  0(1), 


and  writing 
(5.33) 
we  find 


|  tV’  -  e 


3  =  2a/3  -  -  k , 


(5.34)  Ak(v,a)  =  (3/2) 6  aR  v 


-k+l/2 /  |b3/2 


2V-1 


cos  (ve  -0/2)-kTT  -tt/ 


The  error  made  in  replacing  cos(v9  —  (1/2JKtt  -  tt/4) 


de+0  (1) 


by  its  mean  value  2/tt  in  the  integral  in  (5.34)  is 
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0 


(1 )'  v  2  a/3 


(2/3) vb 


3/2 


2/3 


x^{|cos(x  —  (1/2 )  ku  —  tt/4) 

2i  i 


TT 


and  this  is  0(1),  by  the  second  mean-value  theorem.  From 

(5.34) ,  we  obtain : 

2  3  R  1/2-k  f  <2/3)b3/2  B 

(5.35)  Ak(v,o)  =  akv 1/2  Kj  0Bd0  +  0(1), 


and  so 
(5.36) 


At,  ( v  /  a )  = 


4ak 

3~tt  (  8  +  1 ) 


4a 


[b 


2  -1 
3  v 


3(3+l)/2  -B-l,  1/2-k 


v 


+0(1) ,  3  /  -1, 


(5.37)  Av(v,a)  =  — log  b  +  log  v] v1/2  k  +  0(1), 3  =-l. 


When  0  ^  k  <  1/2  and  a  >y  0 ,  we  have  3  >  -1,  so  we  can  use 

(5.36)  to  get  (5.25),  with  c^ ( a)  given  by  (5.26). 

When  k  =  1/2  and  a  =  0,  we  have  3  =  -1,  so  we  use 

(5.37)  to  get  (5.27). 

When  k  =  1/2  and  a  >  0  we  have  3  >  -1  so  we  use  (5.36) 
to  get  (5.28) . 

When  1/2  <  k  <1,  either  the  case  3  =  -1  or  3  /  -1 
can  arise  depending  on  whether  k  is,  or  is  not  equal  to 
*5+  2  o/3 .  In  the  first  case,  (5.29)  follows  from  (5.37),  while 
in  the  second  it  follows  from  (5.36) . 

This  completes  the  proof  of  Lemma  5.4. 

Theorem  5.1  (i)  Let  f  be  defined  on  [0,b]  ,  0  <  b  <  00  and 
suppose  that: 


(5.38)  f  e  L ( 0 , b) , 


(5.39) 


f  ( 0  +  )  exists . 


Lc  <v: 
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Then 

(5.40)  (C , k)  -  lim  f  f(t)v2/3  Ai(-v2/3t)  dt  =  |f(0+), 

v+°°J0  J 

for  k  >  1/2. 

(ii)  There  exists  a  continuous  function  f  on  [0,b]  for  which 

C  ,  {  f  f(t)  v2/3Ai (-v2/3t)  dt} 

1/ Z  f  V  J  Q 

is  an  unbounded  function  of  v. 

Proof  of  (i)  On  account  of  the  regularity  of  the  (C,k) 
process  (Lemma  5.1) ,  it  will  clearly  be  sufficient  to  prove 
(5.40)  for  the  case  1/2  <  k  <  1.  We  have 

r  b 


Ck,v  {. 


f(t)  v2/3  Ai  ( - v 2//3t)  dt} 


0 


=  [  f(t)  C  (v2/3  Ai(-v2/3t)}  dt 

Jo  K'v 


0 

the  interchange  of  order  of  integration  being  easily  justified 
by  Fubini's  Theorem.  The  result  (5.40)  will  now  follow  from 
Theorem  1.2  (i) ,  provided  we  can  show  that,  for  1/2  <  k  <  1, 

the  following  three  conditions  hold: 


e 


(5.41) 


lim 


C.  (v 
k ,  v 


2/3Ai (-v2/3t) }dt  =  2/3, 

V  ->00  Jo 

for  each  3  satisfying  0  <  3  <  b,  and  uniformly  in  3, 
€  <  3  ^  b,  for  each  6  satisfying  0  <  e  <  b; 

(5.42)  |C 


'k ,  v 


(v2/3  Ai (-v2/3t) } |  <  K(6,k),  6  ^  t  ^  b, 


v  *  Vo' 


for  some  v  and  for  each  6  satisfying  0  <  6  <  b;  and 
o 


(5.43) 


'0 


C.  (v2/3  Ai  (-v2//3t)  }  I  dt  <  K(k),  v  x  v  , 
k ,  v  1  s  '  o 


- 
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For  each  3,  (5.41)  follows  from  (2.7)  and  the 
regularity  of  the  (C,k)  process.  The  uniformity  assertion 
follows  from  Lemma  5.2.  To  see  this, we  notice  that  (5.41), 
with  k  =  0,  clearly  holds  uniformly  in  3 ,  £  <  3  <  b,  and  so 
the  condition  corresponding  to  hypothesis  (5.9)  of  Lemma 
5.2  is  satisfied.  We  also  see  that 


2/3 

r  2/3  .  2/3  .  ,  f  V  3 

/  v  /  Ai (- v  '  t)  dt  =  / 

'0  J  0 


Ai(-t)  dt 


'6 


and  so 
thus  , 


2/3  2/3 

v  Ai(-v  t)  dt  is  a  bounded  function  of  v; 


’ 0 


-y  re 


2/3 


2/3. 


/5  [  Jq  ^  Ai  (-v*"7  “’t)  dt]  dv  <  F(b), 


for  all  subintervals  [6,Y]  of  [0fb]f  and  so  the  condition 
corresponding  to  hypothesis  (5.10)  of  Lemma  5.2  is  satisfied 
Hence,  the  conclusion  of  Lemma  5.2  gives  the  uniformity  in  3 
of  the  relation  (5.41). 

The  result  (5.14)  of  Lemma  5.3  clearly  shows  that 
(5.42)  holds, and  (5.43)  follows  directly  from  the  result 
(5.28)  of  Lemma  5.4.  Thus  (i)  is  proved. 


Proof  of  ( ii) .  Theorem  5.1  (ii)  will  follow  from  Theorem 
1.2(ii)  provided  we  can  show  that 


0 


«  r  2/3  -  .  ,  2/3 

C-.  /0  { v  Ai  -v 

1/2 ,  v 


is  an  unbounded  function  of  v. 
(5.27)  of  Lemma  5.4  that  this  is 
the  proof  of  Theorem  5.1  (ii) . 


t) } |  dt 

It  is  clear  from  the  result 
the  case.  This  completes 


1 

. 
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Theorem  5.2.  (i)  Let  f  be  defined  on  [0,b]  ,  0  <  b  <  <*> , 

and  suppose  that 

(5.44)  f  e  L  [  0  ,  b  ] ; 

(5.45)  f(0+)  exists; 

(5.46)  f(t)  =  f(0+)  +  0(ta),  t  +  0+, 
where  a  is  some  positive  number.  Then 


(5.47)  (C ,k) -lim  f  f(t)  v2/3  Ai(-v2/3t)  dt=|f(0+),  k  >.1/2 

v-vo°-^0 

(ii)  For  each  a  >  0,  and  for  each  k,  0  <  k  <  1/2,  there 
exists  a  continuous  f  satisfying  (5.46)  such  that 

C,  {[  f(t)  v2/3  Ai  (-v2/3t)  dt) 

k,vJQ 

is  an  unbounded  function  of  v. 

Proof  of  (i) .  It  will  clearly  be  sufficient  to  prove  that 

(5.47)  holds  in  case  k  =  1/2.  (The  result  for  k  >  1/2  then 
follows  from  the  regularity  of  the  (C,k)  process,  or 
directly  from  Theorem  5.1  (i))  k  To  show  that  (5.47)  holds  in 
case  k  =  1/2,  we  proceed  as  follows: 

We  may  assume  without  loss  of  generality  that  a  <  1; 


then 

(5.48) 


'1/2, v 


{[  f(t)  v2/3  Ai  (-v2//3t)  dt } 


=  f(0  +  )  c 


1/2,  v 


{/  v2/3  Ai(-v2/3t)  dt) 

^0 


'0 


f  (t)-f (0  +  ) 
,  a 


where  we  have  used  the  fact  (easily 


C,  /9  (t%2/3  Ai  (-v2/3t)  }dt 

1/  z  f  \) 

justified  by  Fubini ' s 


Theorem)  that: 


-62- 


„  rfbf(t)  -  f(0+)  j_  a  2/3  ,  .  ,  2/3^,  Jj_1 

C,  /0.  {  - - -  t  v  '  Ai  (- v  '  t)  dt} 

1/2iv  Jo  ta 


'0 


f(t)  -  f (0+) 
.  a 


C,  /9  {tav2/3  Ai(-v2/3t)}  dt 

1/  2  ,  v 


The  first  expression  on  the  right  of  (5.48)  approaches 
( 2/3 )  f  ( 0  + )  ,  as  ^  oo,  (by  the  regularity  of  the  (C,k) 
process) .  It  will  follow  from  Theorem  1.2  (i)  that  the  second 
expression  on  the  right  of  (5.48)  approaches  0  as  v  -*  °° , 
provided  we  can  show  that  the  following  three  conditions  are 
satisfied:  first, 


(5.49) 


lim/t“  C.  {v2/3  Ai(-v2^3t)}  dt  =  0, 

i  V-2 ' u 


for  each  3  satisfying  0  <  3  <  b  and  uniformly  in  3,  i  <  3  <  b 
for  each  6  satisfying  0  <  €  <  b;  second, 


(5.50) 


ta  C,  /0  (v2/3  Ai (-v2/3t)  } |  x  K (6)  ,  6  <  t  <  b, 

1/ ^  ,  v  . 

V  ^  vo. 


for  each  6  satisfying  0  <  6  <  b,and  some  vq;  and  finally, 


'b 


(5.51) 


'0 


ta|C1  /0  (v2/3  Ai  (-v2//3t)}  |  dt  <  K  v  >r  v  . 
1  1/2 , v  1  ~  ^  o 


It  is  clear  from  the  regularity  of  the  (C,k)  process  and 
Theorem  2.3  that  (5.49)  holds  for  each  3  concerned.  We  use 
Lemma  5.2  to  prove  the  uniformity  assertion.  If  £  <  3  ^  b. 


we  have 
b 


ta  v2/3  Ai(-v2/3t)  dt  =  bc 


3 


S(v) 


v2/3  Ai(-v2/3t)  dt 


where  3  <  £(v)  ^  b.  The  integral  in  the  right  member  of  this 
equality  clearly  approaches  0,  uniformly  in  3,  as  v 


- 
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L 


b 


Since  we  know  that 


uniformly  in  3  (Theorem  2.2),  we  see  that 


(5.52)  ta  v2/3  Ai(-v2/3t)  dt  =  0 


uniformly  in  g,  £  ^  p  <  b,  so  that  the  condition  corresponding 
to  hypothesis  (5.9)  of  Lemma  5.2  is  satisfied.  We  also  have 


0 


where  K  is  independent  of  v, and  it  follows  that 

f  [f  t01  v2/3  Ai(-v2/3  t)  dt]  dv  <  M(b), 

J  y  -'0  ' 

for  all  subintervals  [ y >  6 ]  of  [0,b];  hence,  the  condition 
corresponding  to  hypothesis  (5.10)  of  Lemma  5.2  is  satisfied. 
The  conclusion  of  Lemma  5.2  now  implies  that  the  uniformity 
assertion  in  (5.49)  holds. 

The  result  (5.14)  of  Lemma  5.3  shows  that  (5.50)  is 
satisfied,  while  (5.51)  follows  from  the  result  (5.28)  of 
Lemma  5.4. 


This  completes  the  proof  of  Theorem  5.2  (i) . 


Proof  of  (ii) .  The  unboundedness  in  v  of 


dt 


(Lemma  5.4,  (5.25))  shows,  by  Theorem  1.2  (ii),  that  there 

exists  a  continuous  function  g  on  [0,b]  for  which 


dt 


cx 

is  an  unbounded  function  of  v .  If  we  choose  f Ct)  =  g(t)t 
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0  <  t  <  b,  then  f  clearly  satisfies  all  the  conditions  in 
the  statement  of  the  theorem,  and  the  proof  of  Theorem  5.2 
(ii)  is  complete. 


Theorem  5 . 3  Let  f  be  defined  on  [0,b]  ,  0  <  b  <  °° ,  and 
suppose  that: 

(5.53)  f  e  L ( 0 , b ) ; 

(5.54)  f(0+)  exists; 

fb 

(5.55)  C,  {/  f(t)  w(v,-t)  dt}  exists  for  each 


v  >  vo  (some  v  ) ,  and  each  k  >  1/2,  where  w(v,t)  is  the 
solution  of  (3.4)  which  we  introduced  in  Chapter  3.  (We  are 
now  writing  b  =  -a,  in  the  notation  of  Chapter  3) . 

Then,  for  k  >  1/2, 


(5.56)  (C ,k) -lim 

v->°° 

If,  in  addition  f  satisfies 

(5.57)  f (t)  =  f (0+)  +  0(ta) ,  t  0+,  a  >  0, 
and  if,  for  all  sufficiently  large  v. 


-b 


f (t)  w ( v , -t)  dt 


=  f  f(0+) 


Cl/2  vj 

exists,  then  (5.56)  holds  in  the  case  k  =  1/2.. 

Proof  We  use  the  approximation  (3.5)  , 

w(v,-t)  =  +  £(v,-t). 

It  is  clear  from  Theorem  5.1  (i)  that  the  contribution  from 
the  principal  term  here  to  the  limit  in  (5.56)  is  exactly 
(2/3)  f(0+).  The  same  result  follows  from  Theorem  5.2  (i) 

in  the  case  k  =  1/2.  We  have,  from  (3.7  )f 


0*6  bet:: 
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b 


f ( t)  €  (  v  ,  -t)  dt 


=  Civ’1/3), 


-b 


f  ( t )  I dt 


so  that 


rb 

lim  /  f (t)  £  (v,-t)  dt  =  0 . 

V->-00  JO 

Hence,  for  k  >  0, 


rb 

(C,k)-lim  /  f(t)  £  (v,-t)  dt  =  0, 

V-^-oo  JO 

and  so  the  contribution  from  £(v,-t)  to  the  limit  in  (5.56) 
is  zero  for  all  cases  considered.  This  completes  the  proof 
of  Theorem  5.3. 


•  . 


' 
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CHAPTEP  VI 

THE  GIBBS  PHENOMENON 

We  begin  by  giving  the  definition  of  the  Gibbs 
phenomenon  which  we  will  use.  P.  L.  Forbes*  gives  a 
discussion  of  the  relationship  of  various  such  definitions 
occurring  in  [36],  [37]  and  elsewhere.  A  discussion  of  various 

situations  in  which  the  phenomenon  occurs  is  given  in  F. 
Ustina's  thesis  [33]. 

Definition  6.1.  Let  £(v,x)  be  defined  for  v  >  vq  and  for 
-6  <:  x  $  6  ,  and  suppose  that 

(6.1)  lim  ^(v,x)  =  f(x),  -  6  <_  x  <  6. 

v^-°° 

We  define  the  Gibbs  set  of  ^)(v,x)  ,  at  x  =  0 ,  as  the 
aggregate  of  all  limit  points,  as  v  -*  °° ,  of  functions 
<j5  (v  ,  x^ ),  where  x^  ->■  0  as  v  -*  °° .  We  say  that  <|>(v,x)  exhibits 
the  Gibbs  phenomenon  at  x  =  0  if  the  Gibbs  set  of  (£>(v,x)  at 
x  =  0  contains  points  outside  the  closed  interval 

(6.2)  [lim^jnf  f(x),  lim^gup  f (x) ] . 

We  will  show  in  this  chapter  that  for  a  certain  class 
of  functions  f,  having  a  simple  discontinuity  at  x  =  0 

oo 

f(t)  v2/3  Ai  [v2/3 (t-x) ]dt} 
a 

exhibits  the  Gibbs  phenomenon  at  x  =  0  if,  and  only  if, 

* 

The  Gibbs  Phenomenon  of  Sequences  and  Fourier  Series, 

M.Sc.  Thesis,  University  of  Alberta,  1962. 


a  k  r  W  »  x  ?'  '£  ■  *>¥  e  $we  ■?  -f  e  '  6  ta  •  <$  v  t  §  ■ 


' 
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(6.4)  max  ~  /  (l-|)k  [J  .  (t)  +  J_1/3 (t) ]  dt  >  1. 

Using  (6.4) ,  we  can  show  that  there  is  a  Gibbs  phenomenon 
for  0  <  k  <  1  and  numerical  work  suggests  that  there  is  no 
Gibbs  phenomenon  for  k  >  2.  Lorch  and  Szego  ([20(a)], 
Theorem  2)  show  that  there  is  a  Gibbs  phenomenon,  for 
ordinary  convergence,  in  the  case  of  the  kernel  vj^(vt) 
obtaining  the  condition  (6.4)  above,  with  k  =  0. 

We  show  that t for  the  same  class  of  functions  f, 

Ck  viJ~  f(t)v  Ai ( v , t-x)  dt} 

exhibits  the  Gibbs  phenomenon  at  x  =  0  if,  and  only  if, 

(6.5)  Max  f  (1  -  — ) k  Ai(-t)  dt  >  \  » 

x> 0  J 0  X  J 

Using  condition  (6.5)f  we  show  that  there  is  a  Gibbs 
phenomenon  in  the  case  k  =  0,  but  none  for  k  >2.  Numerical 
work  suggests  that  in  this  case  there  is  no  Gibbs  phenomenon 
for  k  >  1 . 

The  type  of  problem  considered  here,  had  its  origin 

in  Fourier  series.  H.  Cramer  [4]  (using  a  definition  of 

(C,k)  -  summability  appropriate  to  summation  of  series) 

showed  that  the  (C,k)  means  of  the  Fourier  series  of  a 

certain  class  of  functions  (with  simple  discontinuity) 

exhibit  the  Gibbs  phenomenon  if,  and  only  if, 

r  x 

,  r  r\  /  ,  n  t,  k  Sin  t  ,  .  IT 

(6.6)  max  /  (1 — )  —r -  dt  >  • 

x>0  ->0  *  Z  Z 

Cramer  showed  that  in  this  case  there  exists  a  k  ,  0  <  kQ <  1 , 
such  that  there  is  a  Gibbs  phenomenon  for  0  <  k  <  ko ,  but 


•  «.-i  aerpiin 

* 


r  "  Ci  ;;  ,, ..  ,pUf, 
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none  for  k  >  k  .  T.  H.  Gronwall  [13]  showed  that 
^  o 

k  =  0.43955 _ 

o 

A  condition  somewhat  similar  to  our  conditions  (6.4) 
and  (6.5)  occurs  in  some  work  of  C.  N.  Moore  [23] ,  on 
Gibbs  phenomenon  for  developments  in  Fourier-Bessel 
series  of  a  certain  type  of  function.  The  condition  is 


x 


/. 


(6.7) 


max 
x>  0 


Moore  showed  that  there  is  a  number  r  between  0  and  1,  such 
that  (6.7)  holds  for  0  k  <  r  but  not  for  k  >,  r  . 


We  will  use  Theorem  6.1,  below,  to  derive  the 


conditions  (6.4)  and  (6.5)  .  The  proof  of  Theorem  6.1  will 
depend  on  several  lemmas. 

Lemma  6 . 1  Let  -°°<a<-6<0,  let  f  be  defined  on 
[a,°°),  and  suppose  that: 


(6.8) 


f  e  L  ( -  6  ,  °° )  ; 


(6.9) 


f  e  B  V  [  a ,  6  ]  ; 


(6.10) 


f  e  C  [-6 , 0]  ,  f  e  C[0,<5] 


lim  f  66-h) 
h+0  + 


f ( —  6 )  ,  and  lim  f(6+h)  =  f  (  6 )  . 
h^0+; 


Let  g(t)  be  defined  by 


g(t)  =  f (t)  -  f  (0-)  ,  a  <  x  <  0 


( 6  o  11 ) 


g(t)  =  f(t)  -  f  ( 0+)  ,  0  <  x  <  °° 


and  let$>(v,x)  be  defined  by 


oo 


(6.12)  $  ( v , x ) 


f(t)  v  Ai[v(t-x)]  dt,  v  >  0 
-  6  <  x  <  6  . 


•  4 
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Then : 
(6.13) 

where 


#(v,x)  =  f  (0-)  +  [f  (0+)-f  (0-)  ]  [i+  /  Ai  (-0)  dfl] 

J0 

+  g  (x)  +  n ( v ,x)  , 


X  V 


(6.14)  n(v,x)  =  o(l),  uniformly  in  x,  -6  x<  x  <  6, 
as  v  ->  °°,and 

(6.15)  |  n  ( v  ,x)|  $  M(b)  ,  for  -  6  <  x  <  6  ,  and  0  <  v  <  b 

Proof.  We  first  point  out  that  (6.15)  follows  from  the 

continuity  of  g(x) ,  the  boundedness  in  v  and  x  of 
/*-  x  v  r  °° 

/  Ai(-9)  d9,  and  the  fact  that  j  <£{  v ,  x)  I  <  v/  |f(t)  |dt. 

JO  J  a 

We  have 

r  00 

(6.16)  $(v,x)  =  f(O-)  /  vAi.[v(t-x)]  dt 


+[f(0+)  -  f ( 0-  )] 


vAi [ v ( t-x) ]  dt 


x 


+  f  vAi[v(t-x)]  dt 

Jo 


+  /  g(t)  v  Ai[v(t-x)]  dt 

J  a 


Now,  it  is  clear  from  Theorem  2.4  that 


(6.17) 


vAi[v(t-x)]  dt  =  1  +  o(l) 


uniformly  in  x,  -6  <  x  <  6,  and 


(6.18) 


g (t) vAi [v (t-x) ]  dt  =  g(x)  +  o(l), 


uniformly  in  x,  -  6  x  <_  6.  We  also  have,  from  (2.7) 


(6.19) 
and 

(6.20) 


vAi[v(t-x)]  dt  =  1/3, 


x 


rX  rXV 

/  vAi[v(t-x)]  dt  =  /  Ai(-9)  d0. 

JO  J0 

If  we  substitute  (6.17)  to  (6.20)  into  (6.16)  we 
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immediately  get  (6.13)#where  n(v,x)  satisfies  (6.14). 
This  completes  the  proof  of  Lemma  6.1. 

Lemma  6.2.  If  p  >  0  and  <^(v,x)  is  given  by  (6.12)  ,  then 


(6.21)  Ck;U{$(vp,x)}  =  f  ( 0-)  +  [f (0  +  )  -f(0-)][i 


+r-(xvp,p,k)]  +  g  (x)  +o(l), 


uniformly  in  x,  -  6<x;<  6,  as  v  ,  where 


(6.22) 


G  ( 0  ,  p> ,  k )  =  0, 


for  P  >  0  ,  k  >,  0 . 

Proof .  We  use  the  result  (6.13)  of  Lemma  6.1.  We  see 
from  Lemma  5.2,  on  account  of  (6.14)  and  (6.15),  that 


(6.23)  v(n(vp,x)}  =  o(l)  ,  v  ^  0°, 


uniformly  inx,  -  6  <  x  <  6.  Thus  (6.21)  will  be  proved 

if  we  can  show  that 

r  xv  p 

(6.24)  C,  i  Ai  ( -0 )  d9  }  =  G(xvp,p,k) 

J0 

where  G(o, p,k)  is  given  by  (6.22).  This  is  clearly  true 
for  k  =  0.  It  is  also  obvious  for  k  >  0,  x  =  0. 

Now,  for  k  >  0,  x  /  0, 


xv 


P 


C 


k ,  v 


Ai(-e)  de) 


dp 


xv 


P 


[i_(_e_)  i/p  j  k 

V  1  >P 


J  Ai ( - e ) d  0  =  G (x vP / p / k)  , 


> 
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the  interchange  in  the  order  of  integrations  being  easily 
justified.  Thus,  (6.21)  holds,  and  so  the  proof  of  Lemma 
6.2  is  complete. 


Lemma  6 . 3  Let  G(c,p,k)  be  defined  as  in  (6.22) .  Then  for 
each  k  ^  0 ,  and  each  p  >  0 : 

(i)  G(a, p,k)  increases  from  -1/3  to  0  as  a  increases  from 
-  00  to  0 ; 

(ii)  G(a,p,k)  >  0  for  a  >  0;  and 

2 

(iii)  lim  G(a,p,k)  = 
o-> 00 

Proof.  We  have 


(6.25)  3^G(o,p,k)  =  -^2  f°t(|)  1/p'1[l-(|)  1/p]k  1  Ai(-t)  dt 

P'CJ  J0 


da 


and  this  is  positive  for  a  <  0,  because  then  the  integrand  is 
negative.  Thus  G(a, p,k)  is  increasing  as  a  increases  from 
-°°  to  0.  We  may  use  the  second  mean- value  theorem  to  show 
that  G(a, p,k)  is  a  continuous  function  of  a  at  a  =  0 . 

Thus,  G ( a , p , k)  increases  to  0  as  a  increases  to  0 .  We  have 

(6.26)  G(o,p,k)  =  f  [1  -  (-L)VP]k  Ai  ( 6)  de 

J  0 


(-a)1/ P 


1  - 


4> 


0 


(-a) 


1/p 


] 


k  Ai  ( 4>  P )  P  <PP~1  d cj) 


Now,  by  the  regularity  of  (C,k)  summability  of  integrals 
(Hardy  [14] ,  p.  Ill)  we  see  that 


t-d/p 


lim  / 

a-* — °°^0 

exists  and  is  ecrual  to 


1  - 


<f> 


k  Ai(<(p)  p  4.p  1d<) 


3W  (  f. XX  .  ,  f*I  J  •  ,  lSH) 
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(-a)VP 


lim  j 

0->-oo  0 

r  o 


Ai(cf>p)  p^1  d  4> 


Ai(e)  de  =  -1/3. 


This  completes  the  proof  of  (i) . 

Now,  [1  -  (t/a)^//p]k;  is  a  decreasing  function  of  t, 
for  0  <  t  ^  a.  Hence, the  second  mean-value  theorem  gives 

f S ( P ,k) 

(6.27)  G(a, p,k)  =  /  Ai(-t)  dt,  0  <  £(p,k)  <  v. 

J  0 

Now,  as  we  remarked  in  Chapter  2,  when  t  >  0,  Ai(-t) 
is  an  oscillating  function  whose  successive  arches  bound 
decreasing  areas,  the  area  in  the  first  arch  being  positive. 
Thus 

r  K  ( P  t  k) 

/  Ai  ( -t)  dt  >>  0  , 

Jo 

and  so  (ii)  is  proven. 

The  proof  of  (iii)  is  very  similar  to  that  of  (6.26), 
so  it  will  not  be  given  here. 


Lemma  6 . 4  Let  G(a,p,k)  be  given  by  (6.22).  Then, for  each  p  >  0, 

max  G ( a , p , k) 

a  >  0 

is  a  nonincreasing  function  of  k,  0  <  k  <  °° . 

Proof .  We  suppose  that  k  >,0,  a  >  0,  and  that 

(6.2R)  max  G(a,p,k)  =  M. 

a>  0 

We  wish  to  show  that 

(6.29)  max  G(a,p,k+a)  <  M. 

a  >  0 

We  have : 
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■  a 


G  (o  ,  p  ,  k+a)  = 

-k-  a 

'  J 

-k-  a 


0 


[1  -  (t/a)1/p]k+a  Ai(-t)  dt 


=  T 


0 


(  t  -  k+  aAl  ( -  <j)P  )  pc(>p  1  d  <f>,  (T=01/p) 


a-1 


k„  . 


P-1, 


B  ( a , k+1 )  ^0 

T_k_ a  f 

B  ( a , k+1 )  ^0 


(  x  —  4> )  [  /  U-q)  Ai(-ap)pqr  dq]  d <f> 

Jo 


(T-*)  “-1  4>k  GUP  ,p  ,k)  d*; 


the  second  equality  follows  from  (5.8).  Thus,  by  (6.28)  we 
have 

-k-a  rx  ,  , 

|G(o,  p,k+ot)|  <  MJ  (!-♦)“  ±<t,Kd*  =  M. 

Hence  (6.29)  holds, and  the  proof  of  Lemma  6.4  is  complete. 

Theorem  6.1.  Let  ^(v,x)  be  defined  as  in  Lemma  6.1  above,  i.e., 


(6.30)  <|>(v,x)  =  /  f(t)  v  Ai  [  v  (t-x)  ]  dt , 

J  a 

for  v  >  0,  -6  <  x  ^  6,  where  f  is  defined  on  [a,°°)  , 

—  °°  <  a  <  -  6  <  0 ,  and 

(6.31)  f  e  L  (- 6  , °°)  ; 

(6.32)  f  e  BV [a , 6 ] ; 

(6.33)  f  e  C [-6 , 0]  ,  f  e  C [0, 6]  . 

Then  for  p  >  0,  the  Gibbs  set  for  C^.  ^{^(vP,k)}  at 
x  =  0  is  the  closed  interval  whose  endpoints  are  f(0-)  and 

f  (0-)  4-  [f  (0+)  -  f  (0-)  ]  [\  +  max  G(c,p  ,k)  ]  . 

a  >  0 

Femark .  It  is  clear  from  this  theorem  and  the  definition 
of  the  Gibbs  phenomenon  that,  for  fixed  p  and  k, 

C,  {$  (vp  ,  x) }  exhibits  the  Gibbs  phenomenon  at 

K.  f  V 

only  if 


x 


0 ,  if  and 
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G  ( a  ,  p  ,  k)  >  2/3  , 
for  some  a  >  0 . 

Proof .  It  is  clear  from  (6.33)  that  f(0+)  and  f(O-)  exist. 
We  suppose,  first,  that 
f (0  +  )  y  f (0-)  . 

Then : 

(6.34)  lim  sup  f (x)  =  f(0+), 

x+0 

(6.35)  lim  inf  f (x)  =  f (0-)  . 

x-^0 

Let  xv  be  a  function  of  v  which  tends  to  0  as  v 
approaches  infinity.  Then,  by  Lemma  6 . 2,  we  have 

(6.36)  lim  sup  C,  {^(^P.x  )}  =  f(O-) 

k ,  v  f  v 

v->°° 

+  [f  (0+)  -  f  ( 0-)  ]  [-j  +  lim  sup  G  (x^  vp  ,p  , k)  ] 

V->-°o 

and 

(6.37)  lim  inf  C,  {^(v^x  )}  =  f(O-) 

K  ,  V  V 

+ [f (0+)  -  f  (0-)  ]  [-j  +  lim  inf  G(x^vp,p,k)] 

v->°° 

Now,  we  see  from  Lemma  6.3  that  lim  sup  G(x  vp  ,p  ,k) 

v->°° 

p 

and  lim  inf  G(x  v  ,P ,k)  must  both  lie  between  -1/3  and 

v->°° 

max  G(a,P,k).  Moreover,  if  we  choose  x  =  ov"p ,  where 
a  >  0  v 

-  oo  <  a  <  °° ,  we  see  that 

lim  G(x  vP ,P ,k)  =  G(a, P,k) 

Since  G(a,p,k)  is  a  continuous  function  of  a  we  thus  see 
that  the  set  of  limit  points  of 
G  ( x  ^  v  p  ,  p  ,  k ) 

for  all  x  ->•  0  is  the  interval 

v 

[-1/3,  max  G(a, P,k)]. 

a  >  0 


(6.38) 
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On  using  (6.36)  and  (6.37)  we  see  that  the  set  of 
limit  points  of 

Ck,v{^(vP'  Xv)} 

is  precisely  the  interval  described  in  the  statement  of  the 
theorem . 


Thus,  Theorem  6.1  is  proven  in  the  case  f(0+)  £  f(O-), 

and  only  minor  changes  are  required  in  the  case  f(0+)  <  f(O-) 

Corollary  6.1  The  function 

ck(V{^(v,x)} 

exhibits  the  Gibbs  phenomenon  at  x  =  0,  when  k  =  0  but  not 
when  k  ^  2 . 

Proof:  It  will  be  sufficient  to  show  that 


(6.39) 
and 

(6.40) 


max  G (a , 1 , 0)  >  2/3 

a  >  0 


max  G (o , 1 , 2 )  <  2/3 

a  >  0 

because,  by  Lemma  6.4,  (6.40)  will  imply 


Now, 


max  G(a,l,k)  /  2/3,  k  >  2. 

a  >  0 


G (a ,1,0)  =  Ai(-t)  dt, 
J0 


and  this  can  be  as  large  as  ( 2/3) (1 . 4115 ...) ,  if  a 
is  chosen  to  be  the  first  positive  zero  of  Ai(-t) ,  as  Lorch 
and  Szego  point  out  ( [21] ,  p.210) .  Thus,  (6.39)  holds. 


We  also  have 
d 


da 


G(a,  1,2) 


S' 

J0. 


( 1 — ) t 'Ai (-t)  dt 

a 


2  r°  t  d2 

_  (1--)  ^[Ai(-t)]  dt, 

2  Jr,  a  dt2 


0 
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on  using  the  differential  equation  satisfied  by  the  Airy 
function.  Integration  by  parts  gives 

(6.41)  S-  G(o,l,2)=-  K  taAi'(O)  +Ai(-a)  -Ai(0)]. 

da  a 6 

If  we  use  (2.3)  and  ([341*  p.  49  (1)) 

(6.42)  Jv(x)  ^  flv+TT  '  v  >  _1/2'  x  >  °/ 
we  get 


(6.43)  Ai(-a)  <  Ai(0)  -  aAi'(O),  a  >  0, 

and  hence*  by  (6 . 41),  G (a , 1  *  2)  is  an  increasing  function  of 
a,  0  <  a  <  °°.  Since  by  Lemma  6.3  (iii)  ,  G(a, 1,2)  approaches 
2/3  as  a  -*■  00 ,  we  see  that  (6.40)  holds. 

Corollary  6 . 2  The  function 

ck,v{Av2/3'*> } 

exhibits  the  Gibbs  phenomenon  at  x  =  0,  when  0  <  k  <  1. 

Proof .  In  view  of  Lemma  6.4,  it  will  be  sufficient  to  show 
that 

(6.44)  max  G(a, 2/3,1)  >  2/3. 

a  >  0 

We  have 


G(a,f,l) 


0 


1 

3 


[l-(ii)3/2]  Ai(-t)  dt 


(l-^[J1/3(t)  +  J_1/3(t)]  dt 
.3/2 


by  (2.2),  where  t  =  (2/3) a' 

If  we  use  the  series  expansion  for  Jl/3(t)  +  J-l/3(t) '  we 


find  that 


G  ( 6 


2/3  2  .  _ 

'3 '  ' 


(1.079. .. ) 2/3 
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and  so  (6.44)  is  satisfied. 

This  completes  the  proof  of  Corollary  6.2. 
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CONCLUDING  FEMARKS 

1.  Theorem  2.3  shows  that  our  results  for  the  kernel 
vAi(vt)  may  be  extended  to  the  case  in  which  the  interval 
of  integration  is  the  whole  real  line.  We  have  not  made 
this  extension  in  the  case  of  the  kernel  w(v,t)  but  consider 
merely  the  interval  [a,°°)  ,  where  -°°  <  a  <  0.  The  reason  for 
this  is  that  the  bound  for  the  error  term, £(v,t) ,  in  the 
oscillatory  region  of  w(v,t)  is  non-negative  (Appendix 

(A. 17)),  and  hence  the  desirable  oscillatory  property  of  the 
main  term  is  not  present  in  this  bound  for  the  error  term. 
Thus,  the  results  which  would  be  found  by  using  this  approxi¬ 
mation  in  the  infinite  case  are  not  as  strong  as  those  found 
for  the  Airy  function  kernel.  It  may  be  possible  to  obtain 
better  results  by  using  some  other  type  of  asymptotic 
approximation  for  solutions  in  an  oscillatory  region. 

2.  The  solution  w(v,t)  of 

d^w/dt^  =  {v^t  +  q(t) }w 

which  we  have  used  as  a  kernel  in  Chapter  3  is  a  "principal 
solution  at  t  =  in  the  sense  of  W.  Leighton  and  M.  Morse 

(Singular  Quadratic  Functionals,  Trans.  Amer.  Math.  Soc., 
vol .  40,  1936,  pp.  252-286) .  In  [15] ,  p.  355,  the  concept 
"principal  solution"  is  defined  and  it  is  shown  that  principal 
solutions  are  determined  uniquely  up  to  a  constant  multipli¬ 
cative  factor.  It  does  not  appear  that  useful  results  on 
convergence  of  singular  integrals  can  be  obtained  by 
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considering  non-principal  solutions  of  the  above  differential 
equation.  Lorch  and  Szego  showed  that  their  results  for  the 
convergence  of  singular  integrals  with  the  kernel  vj^(vt) 
can  not  be  generalized  by  replacing  J^(vt)  by  ^ (vt)  where 
I  is  a  general  solution  of  Bessel's  differential  equation. 

In  fact,  they  showed  ([21],  pp .  215-217): 


lim 

v 

lim 

v->°° 


We  find  similarly, 
that  with  b  >  0 ,  a 


Yv(vt)dt  =  0,  A  >  1, 

Y  (vt)  dt  =  -°°,  0  <  b  <  1. 
in  the  case  of  the  Airy  function  Bi(t), 
<  0, 


lim 

f  vBi(vt) 

dt  =  f  Bi(t)dt  =  00 

\)-yco  - 

'  0 

J  0 

r  0 

f° 

lim 

/  vBi ( vt) 

dt  =/  Bi  ( t)  dt  =  0 

v-*-°°  * 

J  a 

J-oo 

the  values  of  these  integrals  being  given  in  [1],  p.  450, 
10.8.84  and  10.8.85.  It  may  be  possible  to  obtain  useful 
results  by  considering  integrals  in  which  the  functions 
vY  (vt)  andvBi(vt)  are  multiplied  by  suitable  functions  of 
v  and  t . 


3.  In  the  case  of  the  Airy  function  kernel  we  were  able 

to  show  that 


lim  / 

v-*-°°  ^  0 


1 


f(t)  vAi  (vt)  dt  =  -jf(O), 
when  f  satisfies  an  integrability  condition  and, in  addition, 

-1 


■h 


lim  h 
h+0+ 


f (t)  dt  =  f ( 0)  . 


0 


. 

'  ‘  '  :  '■  t  £  3  j  ,i; 

■  •  • 
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It  would  be  of  interest  to  see  whether  this  last  condition 
could  be  replaced  by: 


-k  fh  k-1 

lim  kh  /  (h-t)  x  f(t)  dt  =  f(0),  k  >  1. 

h+0+  JO 

4.  Several  questions  may  be  posed  with  regard  to  "degree 
of  convergence"  of  the  singular  integrals  which  we  consider. 
Thus,  we  might  ask  whether  there  exists  an  a,  such  that 


1  f(t)  w(v,t-x)  dt  -  f  (x)  =*  o(v  a) 

-'a 

uniformly  in  an  x-interval,  as  v  ->  °° ,  for  all  f  belonging 
to  (say)  the  class  of  differentiable  functions. 

5.  We  showed  in  Chapter  5  that  the  "Lebesgue  constants" 

A^(v,0)  were  unbounded  functions  of  \J  for  0  <  k  <  1/2  and 
bounded  for  k  >  1/2.  For  each  fixed  k,  we  might  ask  whether 
Ay.(\>,0)  is  a  monotonic  function  of  v,  or  even  whether  its 
higher  derivatives  faith  respect  to  v)  are  monotonic  functions 
of  v  . 


6.  We  may  define  (C,k)  summability  for  -1  <  k  <  0 

(cf .  [14] ,  p.  Ill) .  It  may  be  of  interest  to  see  whether 
our  various  convergence  theorems  still  hold  with  this  type 
of  summability  and  also  to  discuss  the  Gibbs  phenomenon  for 
these  cases. 

7.  The  connection  which  we  have  established  between 
differential  equations  with  simple  transition  points,  and 
singular  integrals,  may  have  extensions  to  other  types  of 
transition  points  and  singularities;  e.g.,  we  might  consider 


solutions  of 


.  •  ■  *  )  J  J .  ....  . 
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d2w/dt2  =  { v2tn  +  q(t)}w,  n  >  1. 

It  would  also  be  interesting  to  see  whether  the  type  of 
procedure  which  we  use  in  Chapters  3  and  4  might  be  applied 
to  singular  integrals  arising  from  various  orthogonal 
expansions . 

8.  Some  functions  defined  by  contour  integrals  have 
asymptotic  expansions  involving  Airy  functions;  see,  e.g., 
[9]  and  the  references  given  there.  This  suggests  a  way, 
other  than  the  one  we  have  used,  in  which  the  Airy  function 
kernel  of  Chapter  2  might  be  generalized. 

9.  With  regard  to  Remark  4,  above,  on  "degree  of 
convergence"  some  further  work  of  Olver  [27]  may  be  useful 
since  it  gives  error  bounds  for  higher  order  approximations 
to  w(v,t)  in  terms  of  Airy  functions. 
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APPENDIX 


( Ac  1 ) 


PROOF  OF  THEOREM  3.1 


The  standard  solutions  Ai (x)  ,  Bi  (x)  of 


A  2 
d  y 

— f  =  *y 

dx 


are  defined  by  the  initial  conditions: 

1 


(A. 2) 


(A. 3) 


Ai  ( 0 )  = 


V3 


Bi  (  0 )  = 


32/3r (2/3) 


Ai  (0)  —  -  Bi  (0)  —  - 


1 


31/3  r  (1/3) 


and  satisfy  the  Wronskian  relation: 

(A. 4)  Ai(x)  Bi  (x)  -  Ai  '  (x)  Bi(x)  =  1/tt  . 


Ai  (x)  ,  Bi (x)  are  oscillatory  for  x  <  0 , 
and  are  positive  and  monotonic  for  x  >  0, 
their  asymptotic  behaviour  being  given  by: 

(A.  5)  Ai  (x)  =  k'n  ^x  ^  [exp  (-- j  x  3/"2)  ]  [1  +  0(x  3//2)  ]  ,  x  ->  ™  , 

(A. 6)  Bi  (x)  =  -it  ^x  ^[exp(-|x  3//2|][l  +  0(x  3//2)  ]  ,  x  +  «> . 

As  in  [26],  we  introduce  the  notation 

_  .  ,  ,2  3/2 ,  n 

E  (x)  =  exp  (-^  x  )  ,  x  >  0  , 

(A.  7)  E  (x)  =  1 ,  x  <  0  , 

E_ 1 (x)  =  1/E (x)  , 

and  define  four  auxiliary  functions,  M(x),  x (x) ,  N (x) , 


ip  (x)  by  the  equations: 


' 
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Ai  (x)  =  E  1 (x)  M(x)  sin  x(x)  r 
Bi (x)  =  E (x)  M(x)  cos  x (x) , 

(A. 8) 

Ai'(x)=E  (x)  N  (x)  sin 

Bi'  (x)  =  k  (x)  N(x)  cos  ^  (x)  . 

Thus 

(A. 9)  M2(x)  =  E2(x)  Ai2(x)  +  E~ 2  (x)  Bi2(x). 

From  (A. 5)  and  (A. 6)  we  find: 

(A. 10)  M(x)  ^  (5/4tt)  ^  x  4 ,  x-* 

It  is  clear  from  (A.  9)  and  (A. 10)  that  if-°°<a<0r 

(A.  11)  X  =  max  {  tt  j  x  |  ^  M2  (x)  } 

(a,°°) 

exists,  the  value  of  X  being  unimportant,  from  our  point 
of  view. 

Using  (A. 8)  we  get  as  in  [26],  p.  754, 

(A. 12)  jAi(x)  Bi(t)  -  Bi  (x)  Ai(t)  |  <  E  ^  (x)E  (t)M(x)M(t)  ,  t  >  xf 

and 

(A. 13)  |  Ai  '  (x)  Bi  ( t)  -Bi  '  (x)  Ai  ( t)  |  <E^(x)E(t)N(x)M(t),t>x. 

Theorem  A.  1 

Let  f (x)  be  a  continuous  function  of  x  on  the  interval 
a  <  x  <  0°,  where  -  °°  <  a  <  0,  and  let 

f  °°  -1? 

(A. 14)  F (x)  =  /  | t  2f(t) |  dt 

Vx 

exist  for  a  <  x  <  .  Then  the  differential  equation 

(A. 15)  d2w/dx2  =  (x  +  f (x)  }w 


has  a  solution 


■ '  ■*  ' 
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CA.16)  w(x)  =  Ai  (x)  +  £  (x)r 

where 

(A. 17)  |  £  (x)  |  <  E  "^(x)M(x)  (e^F^X^-l)  ,  a  <  x  <  °° , 

E ,  M#  and  A  being  given  by  (A. 7) ,  (A. 9) ,  and  (A. 11) 

respectively.  Moreover,  the  condition 

(A. 18)  lim  x^  E  (x)  w(x)  =  ^ 

X^-oo 

determines  the  solution  w(x)  of  (A. 15)  uniquely. 


Proof 


(A. 19) 


We  introduce  a  sequence  of  functions 
b0  (x)  =  0, 


hn(x)  =  it/  [Ai  (x)  Bi  ( t )  -  Bi  (x)  Ai  ( t)  ]  f  ( t) 

-/x 


[hn_^(t)  +  Ai(t)]  dt,  n  >  1. 

In  case  n  =  1,  it  follows  from  (A. 12)  and  (A. 8)  that  the 
integrand  here  is  bounded  by 


E-1 (x)  M  (x)  M2 (t)  | f (t)  |  . 

Thus,  on  account  of  (A. 14)  and  (A. 10) ,  the  integral 
defining  h-  -  h  converges  and,  by  (A. 11), 

_L  0 

(A. 20)  | h^ (x)  -  hg(x)|  <  E  1  (x)  M  (x)  AF  (x)  ,  a  <  x  <  °°. 

Suppose  now  that  the  integral  defining  hn(x)  -  hn_^(x) 
converges  and  that 


(A. 21) 


h  (x)  -  h  (x)  I  <  E  1(x)M(i,x)  An  (F(x))n/n! 

n  n-1 


,  t  (x)  -  h  (x)  is 

n+1  n 


The  integral  defining  h 
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[Ai  (x)  Bi  (t)  -  Bi(x)Ai(t)  ]f  (f)  [h  (t)-h  (t)]dt. 

n  n-  ± 

Now,  on  account  of  (A. 12)  and  (A. 21)  the  integrand  here  is 
bounded  by 


E  1  (x)  N  (x)  TTM2(t)  |  f  ( t)  |  - 

=*  -E_1  (x)M(x)  tt  1 1  |  2  ( t )  - 

Thus  the  integral  defining  hn+-^  (x)  ~ 

(A. 22)  hn+1 (x) -hn (x)  <  E  1(x)M(x) 


n(F(t)  )n 

n! 

n(F(t)  )n  d(F(t)  ) 
n !  dt 

hn(x)  converges  and 


n+1 


(F  (x)  ) 


n+1 


(n+1) ! 


Since  this  holds  for  n  =  0  ((A. 20)),  we  see  that  (A. 22)  is 
true  for  n  =  0,  1,  2,  .  .  .  , 

The  inequalities  (A. 22)  show  that  the  series 

00 

£  .{hn+l(x)  -  hn(x,} 
n  =  0 

converges  uniformly  to  a  function  £  (x)  for  a  <  x  <  ~, 
and 

|€(x)  |  <  E  ■''(x)M(x)  (e^^-l)  ,  a  <  x  <  «>  . 

This  is  just  (A. 17) .  We  must  now  show  that  with 

00 

(A. 23)  €(X)  =  Z  fh,  (x)  -h  (x)  }, 

n  =  0  n+1  n 

w(x)  =  Ai(x)  +  f(x)  satisfies  (A. 15).  We  will  first  need 
to  show  that  the  series  in  (A. 23)  may  be  differentiated 
twice  to  yield  £ " (x) . 

It  may  be  differentiated  once  to  yield  £'(x)  provided  that 
the  differentiated  series  is  uniformly  convergent  ([32],  §  1.72). 
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We  have 


(A. 24) 


h^'(x)  -  7t  [Ai  '  (x)  Bi  ( t)  -Bi  '  (x)  Ai  (t)  ]  f  (t)  Ai  (t)  dt 

Jx 


(A. 13)  and  (A. 8)  show  that  this  integral  is  convergent  and 
give : 

(A. 25)  |h^'  (x)  |  <  XE  (x)  N  (x)  F  (x)  ,  a  <  x  <  °o 


We  can  proceed  in  this  way  to  show  that 

(A. 26)  |  h  i  '  (x)  -  h  1  (x)  |  <  E~1(x)N(x)  UF(x>1 - ' 

(n+l)  ! 

n=l ,  2  ,  .  .  . 

We  see  from  (A. 25)  and  (A. 26)  that 

00 

£  (hn+i'(x)  -,h  Mx)) 

n  =  0 

is  uniformly  convergent  on  a  <  x  <  °°,  so  that 

oo 

(A. 27)  e’  (x)  =  Y.  (h 


n=0 


‘n+l '  (x)  -  hn'<x))- 


Now  from  (A. 24)  we  get,  on  using  (A. 4)  and  (A.l), 


(A. 28)  h^'  (x)  =  f(x)  Ai(x)  +  xh^(x). 


while  from 


hn+i ' (x) -hn ' (x)  =  v  [Ai ' (x) Bi (t) -Bi ' (x) Ai (t) ] f (t) 

x 

[hn (t)  -  hn-1  (t) ]  dt 
we  get,  again  using  (A. 4)  and  (A.l), 


hn+i  "(x)  -  hn'"(x)  =  f(x)  {hR  (x)  -  hn_x(x)} 
+  x{hn+1(x)  -  hn(x)},  r\  >,  l 


(A. 29) 
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Now  the  uniform  convergence  of  E  (h^+^ (x) -h^ (x) )  and 

E(hn+^|(x)  -  hn'(x))  implies,  by  (A. 28)  and  (A. 29),  the 
uniform  convergence  of  E (frn+j " (x) -h^" (x) )  and  so  we  have: 

oo 

(A. 30)  6"(x)  =  2_  (hn+l"(x)  -  h  "(x)) 

n  =  0 

=  f(x)[£(x)  +  Ai (x) ]  +  x  6 (x) . 

Hence,  w(x)  =  Ai(x)+e(x)  satisfies  (A. 15).  We  have  already 
shown  that  £(x)  satisfies  the  inequality  (A. 17) .  That  it 
satisfies  (A. 18)  follows  from  (A. 5)  and  the  fact  that 


lim  x4E(x)£(x)-0. 

X-^oo 

This  last  limit  relation  follows  from  the  following  conse¬ 
quence  of  (A . 17 ) : 

|x^  E  (x)  €  (x)  |  <  x3*  M(x)  (eXF(x)-l), 

(~ 00  —  p  | 

when  we  use  (A. 10)  and  the  existence  of  /  t  2 1 f  ( t )  |  dt. 

To  see  that  (A. 18)  determines  w(x)  uniquely,  we 
need  only  notice  that  the  general  solution  of  (A. 15)  is 
of  the  form 


(A. 31)  u(x)  =  c1  w(x)  +  c  w1(x) 


where 
(A. 32) 


x 


Wj^  (x) 


=  w  (x) 


X 


dt  r: 

— ^ ,  for  some  x 

2  . .  '  o 

w  t 


Now  since  w(x)  ->  0  as  x  -+  °° 


x 


dt 


x  w  (t) 
o 


it  is  clear  that 


-*  °°  as  x  °° 


' 
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and  hence  the  condition 

\  _p 

lim  x  E(x)  u(x)  =  2 

must  imply  c^  =  1,  =  0. 

Proof  of  Theorem  3.1 

The  differential  equation  (3.4), 


,2  o 

QW  r  2,  .  ...  , 

- y  =  { v  t  +  q  (t)  }w 

dtZ 

may  be  transformed  to  the  form  (A. 15), 


2 

d  w 

,  2 
dx 


=  {x  +  f  (x)  }w 


by  taking : 


(A. 33)  x  =  v2^3t,  f  ( x )  =  v  4//3  q(v  2//3  x) . 

On  account  of  (3.3)  it  is  clear  that  (A. 14)  is  satisfied. 
Hence  a  direct  application  of  Theorem  A.l  shows  that  (3.4) 
possesses  a  solution 


(A. 34)  w(v,t)  =  v2//3Ai  (v2//3t)  +  £(v,t) 

where 


(A. 35)  |  €  ( v  ,  t )  |  <  v2/3  E  1(v2//3t)M(v2/3t)  (exp  [XF1(t)/v]-l). 

Now  for  t  >  a,  we  have 

(A. 36)  exp (AF^ (t) /v) -1  £  exp  ( AF^  (a) /v ) -1  =  0(v  ^) 

uniformly  in  t,  a  <  t  <  as  v->“. 

Since  f  ^  is  bounded  away  from  0  for  x  >  0 

M  (x)  2 


and  tends  to 


1  . 

/  as  x  -*• 

Vi 


oo 


((A. 5)  and  (A. 10)),  we 
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see  that  there  exists  a  constant  c  such  that 
(A. 37)  E  1 (x)  M (x)  <  c  Ai(x) ,  x  >  0. 

Substitution  of  (A. 36)  and  (A. 37)  in  (A. 35)  gives  (3.6). 

On  the  interval  a  <  t  <  ,  E  ^(v^^t)  <  l  , 

is  bounded  and,  from  (A.  36), 

exp(XF1(t)/v)-l  =  0 ( v_1) , 

uniformly  in  t.  Thus  (3.7)  follows  from  A. 35. 

(3.8)  follows  from  (A. 35),  and  the  uniqueness  assertion 
follows  from  the  corresponding  result  in  Theorem  A.l.  This 
completes  the  proof  of  Theorem  3.1. 


